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THE CYCLOTOMIC IWASAWA MAIN CONJECTURE 
FOR HILBERT CUSPFORMS WITH COMPLEX MULTIPLICATION 

TAKASHI HARA AND TADASHI OCHIAI 


Abstract. We deduce the cyclotomic Iwasawa main conjecture for Hilbert modular cusp- 
forms with complex multiplication from the multivariable main conjecture for CM number 
fields. To this end, we study in detail the behaviour of the p-adic L-functions and the 
Selmer groups attached to CM number fields under specialisation procedures. 
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1. Introduction 

The cyclotomic Iwasawa main conjecture for elliptic cuspforms describes the mysterious 
relation between the Selmer groups (algebraic objects) and the p-adic L-functions (analytic 
objects) attached to elliptic cuspforms. When the cuspform / under consideration does not 
have complex multiplication , the cyclotomic Iwasawa main conjecture for / is valid under 
some technical conditions thanks to [Kato04l Theorem 17.4] and [STJ141 Theorem 3.6.4], 
When the cuspform / under consideration has complex multiplication, one can deduce the 
validity of the cyclotomic Iwasawa main conjecture for / from the two-variable Iwasawa 
main conjecture for the imaginary quadratic field F via the cyclotomic specialisation (such 
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an observation has been already made when / is a cuspform of weight two associated to a 
CM elliptic curve at |R,u91] . for example). The main purpose of this article is to generalise 
this procedure and deduce the cyclotomic Iwasawa main conjecture for Hilbert modular 
cuspforms with complex multiplication from the multivariable Iwasawa main conjecture for 
CM fields. 

Let p > 5 be a prime number which is fixed throughout the article. We also fix a complex 
embedding : Q C and a p-adic embedding i p : Q ^A Q p of an algebraic closure Q 
of the field of rationals Q. Let F be a CM number held of degree 2d and F + its maximal 
totally real subheld. We assume that all prime ideals of F + lying above p are unramihed 
over Q and split completely in the quadratic extension F/F + . We denote by Ip (resp. Ip+) 
the set of all embeddings of F (resp. F + ) into the hxed algebraic closure Q of the rational 
number held. We choose and hx a p-ordinary CM type Y of F. which is a subset of Ip 
satisfying several conditions (see Section [2.3.11 for the definition of p-ordinary CM types). 

We denote by F the composition of all Z p -extensions of F (in Q). It is well known that 
Ga l(F/F) is isomorphic to the free Z p -module of rank d + 1 + 5 F , P , where 5 FtP denotes the 
Leopoldt defect for F and p. We abbreviate the composite held of F and F(p p ) as F^. 
For each hnite abelian extension K of F which contains F(p, p ) and is linearly disjoint from 
F over F, we dehne K^ 1 as the composite held KF. 

We consider a grofiencharacter g of type (To) on F. Assume that g is ordinary with 
respect to the (fixed) p-ordinary CM type £, or in other words, assume that g is unramihed at 
the set Yip of places of F corresponding to the p-adic embeddings i p o(j for a in Y. By virtue 

of global class held theory, there exists a canonical p-adic Galois character p gal : G F —>• Q p 
corresponding to g (we shall review the construction of p gal in Section 12.1.11) . Then, as 
we shall recall later in Section 13.1.41 there exists a hnite abelian extension K/F and a 
character ip: Gal(K/F ) —> Q p of hnite order such that t y gal '(/C 1 factors through the Galois 

groups of Fqo/F. Throughout Introduction, we denote by O the ring of integers of an 
appropriate hnite extension of Q p which contains the image of p gal . 

Now let us briefly explain our main results without precision of notation. In Section 12.31 
we shall introduce the notion of Katz, Hida and Tilouine’s p-adic L-function L™ T (-F) for 

the CM number held F, which is constructed as an element of 0 ur [[Gal(F(r p oo /F)]) (see 
Theorem 12.191 for details) where O ur denotes the composition 0Z p r . We denote by C p (ip) 
(a certain modification of) the 'i/i-branch of £j|! T (F), the image of Lp V £ T (F) under the 
■^-twisting map 0 ur [[Gal(Fjr p oo/.F)]] -A- ©“[[Gal^oo/L 1 )]]; g ha ip(g)g\ F ■ For an arbitrary 
continuous character p: GafiF^/F) aO x , we denote by Tw p the p-twisting map 

0 ur [[Gal(F oo /^)]] —► O ur [[Gal( F^/F)}}; g ha p(g)g. 

Under these settings, we state our main results as follows. The hrst theorem concerns the 
analytic part of our main results. 

Theorem A (=Corollary 12.251) . Let g be a grofiencharacter of type (To) on F which is 
ordinary with respect to a p-ordinary CM type Y. We choose a finite abelian extension K 
of F and a character ip of G&1(K/F) such that ?y gal 'i/> _1 factors through the Galois groups of 
Foo/F. Then the image of the twisted ( multivariable ) p-adic L-function Tw, ;?g ai^-i (£ p (ip)) 
under the cyclotomic specialisation map 

©“[[Gal (F^F)]] -A O ur [[Gal(F(/i p oo)/ F)]]; g ha g\ F{Pp0o) 
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coincides, up to a ( componentwise ) nonzero constant multiple, with the cyclotomic p-adic 
L-function C C p C {d{jj)) € 0 ur [[Gal(F(p p °o)/F)]] Q p associated to the Hilbert modular 
form'd(rj) obtained as the theta lift oft]. Furthermore if the conjecture on the ratio of com¬ 
plex periods (see Conjecture 12.261 for details ) is true, they coincide up to a ( componentwise ) 
p-adic unit multiple. 


The algebraic parts of our main results consist of two ingredients: the exact control 
theorem for the Selmer groups (Theorem [B]) and the triviality of pseudonull submod¬ 
ules for the Pontrjagiu duals of the (strict) Selmer groups ('Theorem O . We denote by 
(resp. by -4 p yc ) the cofree module of corank one over ©[[Ga^Foo/F)]] (resp. over 
0[[Gal(F(// p °o)/F)]]) on which an element g of the absolute Galois group Gf acts as the 
multiplication by g gal (g)g\p (resp. by g gal {g)g\F(^ p oo))- Let us define 2l cyc as the kernel of 

the cyclotomic specialisation map C?[[Gal(F <X) /F)]] -» (9[[Gal(F(/x pO o )/ F )]Y, g^g\FH pao )- 
Then we note that A C q C coincides with the maximal 2l cyc -torsion submodule [2l cyc ] of 
A p M . By a general recipe due to Greenberg, we define the Selmer group Sel^j C M (resp. 
Sel^cyc) as a subgroup of the global Galois cohomology H 1 (F,A p M ) (resp. H l (F,A C q C )) 
satisfying local conditions obtained by ordinary filtrations (refer to Definition 13.11) . The 
following exact control theorem describes the behaviour of the Selmer group Sel^ C M under 
specialisation procedures: 


Theorem B (=Theorem 13.181) . Let g, K and if be as in Theorem\Af Assume further that 
the following condition is fulfilled: 

(ntr): for each maximal ideal 9JI of the semilocal Iwasawa algebra (^[[Ga^Foo/F)]] and for 
each prime ideal V of F lying above p, is nontrivial as a Dp-module. 

Then the natural map 


Sel^cyc Sel^CM ^cyc 


Sel^cM [ 


induced by the inclusion A \) yc = „4. p M [2l cyc ] 


[2l cyc ] 

A~j M is an isomorphism. 


Let Ms p be the maximal abelian pro-p extension of unramified outside the places of 
J\^ M above the set of places E p of F as introduced previously. We denote the Galois group 
of /K~j^ by X^ p . Then the module = Xv) p ®z p O is naturally regarded as a com¬ 
pact 0[[Gal(F'^ M /F)]]-module. We denote by the ^-isotypic quotient of X% P! o; 

namely, it is defined as the scalar extension X-^ p ,o ®o[G&\(K/F)\ 0[G&\{F{p p )/F)\ of Xz p ,o 
with respect to the ^-twisting map 0[G&1(K/F)] —> 0[Gal(F(fi p )/F)];g i-A 
Then one observes that the Pontrjagin dual of the Selmer group Sel ^ C m is pseudoisomor- 

phic to Xx p ^ 0(g gal ~ 1 if) as a module over 0[[Gal(Foo/F)]] (see Proposition 13. 161 for 
details). The next theorem implies that X^ ^ has no nontrivial pseudonull submodules 
under certain conditions, analogously to results on algebraic structure of Iwasawa modules 
in classical Iwasawa theory mainly due to Iwasawa and Greenberg | |Gr76| : 


Theorem C f=Corollarv 13.331) . Let rj, K and if be as in Theorem\A^ Assume that the 
cardinality ofGal(K/F) is relatively prime top and the character if satisfies the nontrivi¬ 
ality condition (ntr),/,, which is described analogously to the condition (ntr) in Theorem ITU 
(see the statement of Lemma 13.211 for details ). Then X^ p r^\ has no nontrivial pseudonull 

OWGeHyFco/F)]\-submodules. 
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Note that ©[[Ga^Foo/F)]] is a semilocal Iwasawa algebra each of whose components 
is isomorphic to 0[[Gal(F/F)]], and the completed group algebra 0[[Gal(F/F)]] is iso¬ 
morphic to the formal power series ring in (d + 1 + <5i? p )-variables over O. Thus, the 
statement above means that h as no nontrivial pseudonull submodules over each of 

such components. 

Theorem IQ shall be used to study the basechange compatibility of the characteristic ideal 
of <S>e>0(p sal,_1 V ; ) ( or equivalently, of the characteristic ideal of the Pontrjagin dual 

of ScI^cm) under specialisation procedures. We carefully discuss this problem by utilising 
Theorem ICl and certain inductive arguments. For details, see Section firm 

Combining these results, we finally obtain the following theorem, which is the main 
result of this article. 

Theorem D f=Theorem 13.411) . Let g be a groflencharacter of type (Ao) on F which is 
ordinary with respect to a p-ordinary CM type X. Assume that all of the following three 
conditions are fulfilled 

- the groflencharacter g satisfies the nontriviality condition (ntr) introduced in The- 
orem\B\ 

- the Iwasawa main conjecture for the CM number field F is true for the branch 
character if chosen as above ; that is, the equality 

C C-pW) — Char ( p[[G a i(j? 00 /F)]] (^E p ,(?/>)) 

holds as an equation of ideals of 0 ur [[Gal(F oo /i ? )]] ( see Definition 13.221 for the 
definition of the characteristic ideal Char 0 ,r Gal ^ over the semilocal 

Iwasawa algebra ©[[Ga^Foo/F)]]); 

- in each component of the semilocal Iwasawa algebra ©“[[Ga^Foo/F)]], the cyclo- 
tomic p-adic L-function C C p C {d(rf)) of d{g) does not vanish. 

Then the cyclotomic Iwasawa main conjecture for the p-stabilised Hilbert eigencuspform 
f v = d(g) p ~ st with complex multiplication is true up to p-invariants ; in other words, we 
have the equality of ideals of O ur [[Gal(F(p poo )/F)}] G> Zp Q p 

= Char 0[[Gal(F(Mp0o)/F)]] (Sel5^ ), 

where the superscript V denotes the Pontrjagin dual. If the conjecture on the ratio of 
complex periods (Conjecture 12.261) is true, the equality above holds in 0[[Gal(Fp p oo )/F)}}. 

Recently Fabio Mainardi and Ming-Lun Hsieh have thoroughly studied the Iwasawa 
main conjecture for CM number fields, and Hsieh’s results combined with Leopoldt conjec¬ 
ture imply its validity for Fqo/F under certain technical assumptions (see Remark 13.421 for 
details). Hence Theorem iDl combined with Hsieh’s results and Leopoldt conjecture guar¬ 
antees the existence of Hilbert modular cuspforms with complex multiplication for which 
the cyclotomic Iwasawa main conjecture is true. 

The detailed content of this article is as follows. After a brief review on basic facts of 
groBencharacters of type (Ao) and (adelic) Hilbert modular cuspforms, we shall introduce 
in Section [2] two p-adic L-functions of different type: the cyclotomic p-adic F-functions 
associated to (nearly p-ordinary) Hilbert modular cuspforms (in Section 12.211 and Katz, 
Hida and Tilouine’s p-adic F-functions for CM number fields (in Section T2.311 . We compare 
their interpolation formulae in detail in Section 12.41 when the Hilbert modular cuspform 
under consideration has complex multiplication, and then verify Theorem [3 based on this 
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comparison. Section [3] is devoted to the algebraic parts of our results. There we introduce 
various Selmer groups and compare them at a certain extent of precision in Section 13.11 
We then prove the Exact Control Theorem (Theorem [B]) in Section 13.21 and discuss the 
basechange compatibility of characteristic ideals of the Pontrjagin duals of Selmer groups 
by recursively applying Greenberg’s criterion for almost divisibility in Section 13.41 (we 
shall briefly review results of Greenberg on the almost divisibility of the Selmer groups 
in Section 13.311 . In this process Theorem O is proved as the first step of our induction 
argument (see Section [3.4.41 for details). Combining all the results obtained in Sections [2] 
and [SI we deduce in Section li?31 the cyclotomic Iwasawa main conjecture for Hilbert modular 
cuspforms with complex multiplication (at least up to a nonzero constant multiple) from 
the (multivariable) Iwasawa main conjecture for CM number fields via the cyclotomic 
specialisation (Theorem iDl). In Appendix [XJ we verify several basic properties of Galois 
representations associated to Hilbert modular cuspforms with complex multiplication after 
Ribet’s arguments for elliptic cuspforms with complex multiplication employed in [Ri77j . 
Appendix [B] is devoted to the verification of Proposition 13.401 in Section [3l which is one of 
the technical keys to our algebraic main results. 

Notation. We mainly use the fraktur t for the ring of integers of an algebraic number field 
(which is often regarded as the base field of a certain motive); the calligraphic O is kept to 
denote the ring of integers for a p-adic field (which is often regarded as the coefficient field 
of the p-adic realisation of a certain motive). We denote the absolute norm of a fractional 
ideal a of an algebraic number field by Afa. 

Throughout this article p denotes a prime number which is larger than or equal to 5. We 
fix an algebraic closure Q of the rational number held Q and regard all algebraic number 
fields (that is, all finite extensions of Q) as subfields of Q. We also fix an embedding 
w Q -A C of Q into the complex number held C, and an embedding l p : Q •—> Q p of Q 
into a hxed algebraic closure Q p of the p-adic number held Q p respectively. 

For an algebraic number held K, we denote by Ak (resp. A£) the ring of adeles (resp. 
the group of ideles) of K. The finite part (resp. the archimedean part) of the ring of adeles 
Ak is denoted by Aj£ (resp. A“). We associate a modulus u ord, '( x ) to every idele x in 
A£, where v runs over all places of K. In this article we only consider moduli associated to 
finite ideles , and hence we always identify a modulus t; ord «( x ) with the corresponding 
fractional ideal fir ip” rd '“of K, where denotes the prime ideal associated to v. 

We shall hx the notion of the standard additive character throughout this article. For 
each archimedean place v of an algebraic number held K and for each x v G K„, we define 
the local additive character : K„ -A C x by 

( 'j I exp(27r/H^) if v is real, 

1 exp(27T\/— lx v x v ) if v is complex 

where x v denotes the complex conjugate of x v . For each nonarchimedean place v of K, we 
dehne eK„ as 

e K„ (% v ) = exp(-2T\/^lTrK/Q(x„)). 

Here x v denotes an arbitrary element of (JJS=i n (regarded as a tK-submodule of K) 
such that x v — x v is contained in the ring of integers of K<p^. The adelic standard additive 
character e^ K : Ak/K -a C x is dehned as the product of local standard characters for all 
places of K. We also dehne eas the product of all archimedean local additive characters. 
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Let C p be the p -adic completion of the fixed algebraic closure Q p of Q p and Oc p its ring 
of integers. For the ring of integers O of a finite extension of Q p , we denote a discrete 
valuation ring 0Z p r by O ur where Z“ r is the p-adic completion of the maximal unramified 
extension of Z p . 

In this article we adopt the geometric normalisation of global class field theory; more 
precisely, let L/K be a finite abelian extension of algebraic number fields. Then the reci¬ 
procity map (—, L/K): —>• Gal(L/K) is normalised to map a uniformiser w v of a prime 

ideal p relatively prime to the conductor of the extension L/K to the geometric Frobenius 
element Frobp in Gal(L/K); that is, a ( ro P' L ,' K ) = a qv (modp) holds for each a in t« where 
qp denotes the cardinality of the residue field t«/p. 

If K is an algebraic number held, the absolute Galois group Gal(Q/K) is denoted by G k- 
For a place v of K, we denote by D v and I v the decomposition group and the inertia group 
at v respectively. For a (possibly infinite) abelian Galois extension L/K of K and the ring 
of integer O of a finite extension of Q p , we define 0[[Gal(L/K)]]^ as the free 0[[Gal(L/K)]]- 
module of rank one on which Gk acts via the universal tautological character 

G K ^0[[Gal(L/K)]] x ; g^g | L . 

We finally remark that, as for Hodge-Tate p-adic representations, the Hodge-Tate weights 
are normalised so that the Hodge-Tate weight of the p-adic cyclotomic character Xp.cyc is 
- 1 . 


2. The analytic side 

We shall develop in this section the analytic parts of our main results. We first present 
a brief overview of classical theory on Hilbert modular cuspforms in Section 12.11 and 
introduce the notion of the p-adic L-functions associated to Hilbert modular cuspforms in 
Section 12.21 We then introduce another type of p-adic L-functions in Section 12.31 Katz, 
Hida and Tilouine’s p-adic L-functions for CM number fields. In Section [2.41 we consider 
the cyclotomic specialisation of (appropriately twisted) Katz, Hida and Tilouine’s p-adic 
L-function, and compare it with the p-adic L-function of a Hilbert modular cuspform with 
complex multiplication. 

2.1. Classical theory on Hilbert modular cuspforms. This subsection is devoted to 
an overview of classical (complex) theory on (adelic) Hilbert modular cuspforms. After a 
brief review of grofiencharacters of type (Ho) in Section 12.1.11 we define Hilbert modular 
cuspforms of double digit weight after Hida, and summarise basic facts on their Fourier 
expansions and associated (complex) L-functions in Section 12.1.21 Section 12.1.31 is a survey 
of the theory on Hecke operators for Hilbert modular cuspforms. We then introduce in 
Section f2.1.41 the notion of Galois representations associated to Hilbert modular cuspforms. 
We finally present the notion of Hilbert modular cuspforms with complex multiplication 
in Section 12.1.51 which play central roles in the present article. 

2.1.1. Generalities on grofiencharacters of type (Ho). In this paragraph K denotes a number 
field (later we only consider the cases where K is either a totally real number field F + or a 
CM number held F). We denote by Ik the set of all embeddings of K into Q. Let 5 k (M) 
(resp. 5k(C)) denote the set of real places of K (resp. the set of complex places of K), and let 
5k, oo denote the set of archimedian places of K; that is, 5k, oo = 5k(K)U5k(C). Recall that 
each real place corresponds to a unique element of /k and each complex place corresponds 
to a unique pair of elements in /k- For each real place, we denote by r v the corresponding 
element in /k- For each complex place v, we specify one of the corresponding pair in /k as 
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t v and identify K t , with the complex field C via the embedding too ° t v : K^jC. Then the 
composite of the other one, which we denote by f v , with is the complex conjugation of 

^OO ° 7~v • 

An idele class character 77 : A^/K x -A C x is called a grofiencharacter of type (Ao) (or 
also called an algebraic Hecke character) of K if its archimedean part is algebraic ; namely, 
there exists an element p = J2 T ei K h t t of Z[Ik] such that 

V(x oo) = x^:= x~^ JJ x~^x~^ 

^eSkOR) veS K (C) 

holds for each element Xqq = (x v ) v& s K ^ in the identity component of A^’ x = (K <g)Q M) x 
(that is, for each element Xoo = (ap^eSk oo such that ( x v ) v eS K (R ) is totally positive). Here 
x v denotes the usual complex conjugate of x v in C (we identify K, t , with C via the specified 
identification for each complex place v). The element /r as above is called the infinity type 
of 77 . It is widely known that r/(x)xifo is an algebraic number for each x in Ak (here x^ 
denotes the archimedean part of x). 

For each prime ideal [ of K, we define e([) as the minimum among nonnegative integers 
e such that the local component ry : K x -A C x of 77 at 1 factors through K x /(1 + l e ) -A C x . 
When 77 is unramified at l, we define e([) as 0. The integral ideal £( 77 ) = ]~[| l e ( ! ) is called 
the conductor of 77 . We denote by 77 * the ideal character associated to 77 ; namely, rf is the 
character defined by 

(2.1) „•(») = n 

1 nn) 

for each fractional ideal a of K relatively prime to the conductor £( 77 ), where w\ denotes 
a uniformiser of K ( . Note that the associated ideal character 77 * does not depend on the 
choice of uniformisers since r\ is unramified at each l j £( 77 ). 

Example 2.1 (norm character). The adelic norm |-|a k is regarded as a grofiencharacter of 
type (Ao) by virtue of Artin’s product formula. It has the infinity type — J2 t£ j k t and the 
conductor ck- The ideal character associated to |-|a k is A)< 1 , the inverse of the absolute 
norm defined on K. When K is totally real, an arbitrary grofiencharacter of type (Ao) 
defined on K is described as </>Ha. k for a certain grofiencharacter <f> of finite order on K and 
a certain integer n. 

Now we associate to 77 a p-adic idele class character 77 : A^/K x -A Q* as follows; for 
each prime ideal p of K lying above p , we denote by I «, p the subset of Ik consisting of 
embeddings r such that i p o r induces the place associated to p. Then we put 

X P T ' TelK ’ P ^ , for x p = (xp)p| pCK <E A(J.’ X = (K ®q Q p ) x . 

PlPtK 

For each idele x of K, we define fj(x) as 

(2.2) fj(x) = i p { 77(x)x^)x-^ 

where x p and X 00 respectively denote the p-component and the oo-component of x. Ob¬ 
viously 77 is trivial on K x and factors through the finite idele class group a£ x /K x by 
construction. The p-adic idele class character 77 constructed as above is called the p-adic 
avatar of 77 , while the (complex) character 77 is called the complex avatar of 77 . Note that, via 
global class field theory, the p-adic avatar 77 corresponds to a unique p-adic Galois character 
? 7 gaI defined on Ga^Kg^/K) satisfying 77 gal ((x, Kgv^/K)) = fj{x) for an arbitrary element x 
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in where £( 77 ) denotes the conductor of 77 and denotes the ray class field modulo 
£( 77 ) over K. Refer to Notation in Section [T] for our normalisation of the reciprocity map 
(—i /«)• In particular, we have 77 gal (Frob[) = r](wi) = = 77 * (t) for each prime 

ideal [ of K relatively prime to £( 77 ), where w\ denotes a uniformiser of the local held K[. 


2.1.2. Hilbert modular cusp forms of double-digit weight. Let us recall the definition of 
(adelic) Hilbert modular cuspforms. We basically follow Hida’s description of adelic Hilbert 
modular forms in fHi 88 l iHiOB] . although there might be several different manners to in¬ 
troduce them. In particular, we adopt his double-diqit weight convention (refer to IHiOhl 
Section 2.3.2]). 

Let F + be a totally real number held and x F + the ring of integers of F + . We define 
an algebraic group G over Z as the Weil restriction of scalars of the general linear group 
GL( 2)/ t over x F + from x F + to Z. Let To be the diagonal torus of GT(2)/ r ^ + and Tq its 
Weil restriction of scalars from x F + to Z. The character group X(Tq) of Tq is identihed 
with Z[I F +] x Z[/ F +]; specifically, an element n = (ki,« 2 ) of Z [I F +] x h[I F +\ corresponds 
to a unique algebraic character Tq m —> G m , 7 * which induces 


Xl 

0 


X 2 


K i 2 


|_V rp"' 

1 7 Jb ilj 2 


X- = 


n 

r ^F+ 


for 7 = 1,2 


on Tq{ Q) = F +,x x F +,x . Here denotes an element of Z[I F +\ dehned by ^re/ F+ K i,r T 
for each 7 = 1,2 which satishes the following condition: 


(2.3) 


k i ]T + K 2 , r is a constant independent of r in I F +. 


We denote by [k] the constant value ki >t + At 2 ,r when the condition (12.31) is satished. Note 
that the diagonal torus Tq contains the center Z of G, namely the subgroup consisting 
of all scalar matrices. Let us define another algebraic torus T as the Weil restriction of 
scalars of the multiplicative group G m / C ^ + from x F + to Z. For an integral ideal 01 of F + , 

we consider the following congruence subgroups of G( Z): 


fo(01) 

fi(01) 


a b 
c 

a b 
c d 


,j€G(Z) 
6 G(Z) 


c G Wx F + 
a — 1 G OTr F + , c G Olr F + 


Let £ + : Ap + /F +,x -A C x denote a groBencharacter of type (Ay) on F + with infinity 
type K\ + K 2 — t, where the symbol t denotes the “trace” element Xlre/ F+ r We 

often identify the adelic points Z(Aq) of the center Z of G with the idele group A x + of 
F + , and regard e + as a character on Z( Aq). We denote by e: T(Z) -A C x the restriction 
of the hnite part of e + to T(Z) = x^ + , where x^ + denotes the profinite completion of x^ + . 
Then one easily observes that if the conductor £(e) of e contains 01, the map 

t 


defines a continuous character To (91) -A C x , for which we use the same symbol e by abuse 
of notation. Here a<y\ denotes the projection of a to F. ^ = n 1 1 or - We denote the pair of 
the characters (e, e+) by e, which shall play a role of a nebentypus character. 

Let fi C C be the Poincare upper half plane which consists of all complex numbers whose 
imaginary parts are positive. Then the identity component G(R) + of the M-valued points 
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Cr(M) = GL 2 (R) If + of G acts on b /ir+ via the coordinatewise Mobius transformation. We 
now introduce the automorphy factor of weight k = (/«i, K2) by 

J*(g, z) = det {g) Kl ~ l j(g, z) K2 ~ K 1+t for g = ^ € G(R) + and z = (z T ) TeIp+ € f) 7 ^+ 

where j(g,z ) denotes the vector defined by ( c T z T + d T ) T& j F+ . Here we use the following 
abbreviations on multi-indices: 

det(5) Kl ~ t = n det (g T r^-\ j{g,z)^-^ +x = J] (c T z T + d r ) K ^-^+\ 

t ^F+ t ^f+ 

Definition 2.2 (Hilbert modular cuspforms). Let k be an element of Z [Ip+] x Z[Ip+] 
for which the condition (12.31) is satisfied, and let e = (e, e+) be as above. A complex¬ 
valued function f: G( Aq) -A C on the adelic points G( Aq) of G is called a Hilbert modular 
cuspform of weight k, level 91 and nebentypus e if it satishes the following three conditions: 

(HC1) (automorphy) 

let C\ denote the stabiliser subgroup of the vector i = (y/— 1, ..., y/— 1) € \) I f+ , 
which is by definition a subgroup of G(M) + . Then the equality 

f(axuw) = e + {w)e(uf)f(x)J K (u 00 , i)^ 1 

holds for each a in G(Q), w in Z(Aq) and u = uju 0 0 in 
(HC2) (holomorphy) 

for each z in (i i f+ let us choose an element u 0 0 of G(M) + satisfying Uoo(i) = z. 
Then the function 

fg : b Ip+ y C; z 1 ^ f (gu 00 )J K (u 00j i) 

is holomorphic with respect to z for every g in G{ Aq). Note that f g is well defined 
independently of the choice of each u a 0 by virtue of the automorphy (HC1); 

(HC3) (cuspidality) 
the integral 

vanishes for every x in GL 2 (A^ + ) where du is an additive Haar measure on A F +/ F + . 

We denote by S K ( 9T, e;C) the complex vector space spanned by all Hilbert modular cusp¬ 
forms of weight k, level 9T and nebentypus e. 

It is well known that the space of Hilbert modular cuspforms S K ( 9T, e;C) is of finite 
dimension. We often impose the following constraints on weights of Hilbert modular cusp¬ 
forms. 

Definition 2.3. Let k = (k\, K2) be an element of h[I F +] x Z [Ip+] for which the condition 
m > is satisfied. 

(1) The element k is called a cohomological weight if the inequality K\ < K2 holds. 

(2) The element n is called a critical weight if it is cohomological and the inequality 
K\ < 0 < K 2 holds. 

Here inequalities among elements of Z[/p+] abbreviate corresponding coefficientwise in¬ 
equalities. For instance, we use the inequality notation K\ < K 2 to express that the in¬ 
equality Kip < K 2 p holds for every r in Ip+. 
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From now on we always assume that all double-digit weights considered in this article 
are cohomological. 

Now let / denote a Hecke eigencuspform of cohomological weight k = (ki,k, 2 ), level 91 
and nebentypus e (we shall give a brief review on Hecke theory in the next subsection). 
To each eigencuspform /, Blasius and Rogawski [BlRo94] has attached a motive M(/)/ F + 
defined over F + with coefficients in the Hecke field Q f associated to /, which we will 
introduce later (see the paragraph after Definition 12.71) . The motive M (/) > F + is pure of 
weight [k]. For each r in I F +, the Hodge type of M(f)/p+ with respect to the complex 
embedding LoqOT : F + S’ Cof the field of definition F + is given by {(«n, T , N 2 ,t), (« 2 ,r> ki,t)}- 
In other words, Hida’s double-digit weight convention is adapted to the Hodge type of 
M (/) jp+ , and the weight of the cuspform / is critical if and only if the associated motive 
M(f)/ F + is critical in the sense of Deligne [De79] . 

Remark 2.4 (on nebentypus characters). In (Hi06i Section 2.3.2] Hida introduces more 
general notion on nebentypus characters; namely, he considers as a nebentypus character a 
triple (ei,£ 2 ',£+) consisting of finite characters £i, £2 on T(Z) and a grofiencharacter £ + of 
type (Ho) on Z(Aq) with certain constraints. The nebentypus introduced here is a special 
one of Hida’s general notion. Indeed, our notion of the nebentypus £ = (e, £ + ) corresponds 
to a triple (e, 1 t ^;e + ), which satisfies all the required conditions. The space of Hilbert 
modular cuspforms e; C) with nebentypus of the form e = (e,£+) is indeed contained 

in the space of Hilbert modular cuspforms 5 K (Ti(Tl);C) of weight k and level Ti(Tt), and 
hence we can apply to them general theory on Hilbert modular forms and Hecke algebras 
of Ti-level structure developed in [ Sh78] and [ Hi88|| . In particular the (adelic) Fourier 
coefficients depend only on fractional ideals of F + under such constraints on nebentypus (as 
we shall see later in Proposition 12.511 . and hence our convention on nebentypus characters 
seems to be well suited to arithmetic problems concerning the L-functions associated to 
Hilbert modular forms. 


We next recall the notion of the Fourier expansions of Hilbert modular forms, and then 
finish this subsection by introducing the (complex) T-functions associated to them. 

Proposition 2.5. Letd = dp+ denote the absolute different of F + and let F+’ x denote the 
set of all totally positive elements of F + . Then each Hilbert modular cuspform f belonging 
to S^ThEjC) has the ( adelic ) Fourier expansion of the following form for each x € A^+ 
and y € A^, + : 

/(( 0 c ^y d 'J)^y^)~ K1 eA^ + {V^iCyoc)eA F+ ^x). 

£eF+’ x 


The correspondence a C(a:f) defines a complex-valued function on the group of frac¬ 
tional ideals of F + , which vanishes unless a is integral. 

This is [Hi881 Proposition 4.1], the proof of which essentially depends on Shimura’s 
classical computation [Sh78 , (2.18)]. Refer also to [HlOfi . Proposition 2.26]. We call C (—; /) 
the Fourier coefficient of f. A Hilbert modular cuspform / is said to be normalised if its 
Fourier coefficient C(xp+;f) at tp+ equals 1. For a Q-subalgebra A of C, we denote by 
S, t (fR, £; A) the A-subspace of e; C) spanned by cuspforms with all Fourier coefficients 

contained in A. 
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Now let us assume that the Hilbert modular cuspform / under consideration is a nor¬ 
malised eigenform. The (complex) L-function associated to f is defined as (the meromor- 
phic continuation of) the Dirichlet series 


£(/,») 


E 

(0)/:aCtp-|- 


C(a-J) 

J\fa s 


For a grofiencharacter 9: A^ + /F +,x —>• C x of type (Ho), we also define the L-function 
associated to f twisted by 6 as (the meromorphic continuation of) 


L(f,0,s ) 


C(a\ f)9*(a) 

^ A fa s 

(O)T^aCc^-(- 


where 9* is the ideal class character which was associated with if in (12.11) and 9* [a) is 
defined to be zero if a is not relatively prime to the conductor of 9. 


2.1.3. Review on Hecke theory. We shall briefly recall Hecke theory on adelic Hilbert mod¬ 
ular cuspforms after [ Hi88 . Section 2], As in the previous paragraph, we consider the space 
S K (%1, e;C) of Hilbert modular cuspforms of weight k, level Tt and nebentypus e. Recall 
that it is contained in the space 5 K (ri(Tt);C) of cuspforms of weight Tt and level Ii(Tt). 
Now let us define the following monoids: 

AcPO = { (: tyeM 2 (i F+ )nG(A f Q ) 


cl — 1 G OTi p+ , c G OTt jr+ . 

Then Ao(Tt) contains To(^d) an d Ai(Tt) contains Ti(01) respectively. We thus consider the 
action of the double coset algebra R(f i(Tt), Ai(Tt)) on S K (t i(0T); C). We refer the readers 
to |Sh94l Section 3] for details on the theory of double coset algebras. The action of 
R(T i(9T), Ai(fH)) on S K (T i(fft); C) is defined as follows. For a cuspform / in S K (f i('Tl), C) 
and an element [f i(9T)yf i(Tl)] of R(t i(Tt), Ai(Tt)), we set 

h 

f I [f 1 («n)j/f 1 (91)] (#) = X] f ( gy i ) 

2—1 

where is a representative of the left coset decomposition of Ii(9I)yri(Tl): 

h 

TiWyTipl) = |Jf 1 (9ri)y i . 

2 — 1 


Al(gi) = {(“ d) eM 2 (t F+ )nG(Aj) 


a<n € r c € 


Then one easily observes that the action of R(T i(Tt), Ai('Tt)) preserves the space S K (%1,£) C) 
of Hilbert cuspforms with nebentypus e. To describe the structure of the double coset 
algebra i?(Fi(0T), Ai(Tt)), we here introduce typical double coset operators which are often 
quoted as Hecke operators. Choose a uniformiser of the local field for each prime 


ideal 1 of F + , and regard 


l 


0 

ZU[ 


as an element of Ai(Tt) whose local component is the 
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identity matrix at every place except for l. Then we define 

T([) = fi(9t) (\ ] fi(Tl) if 1 does not divide 91, 

V u w l J 

U(X) = fi(9t) (l ° ) f H91) if [ divides 01 

T2\J 

for each prime ideal of F + . They are determined independently of the choice of uniformis- 
ers. Next let b be an integral ideal of F + relatively prime to 01. For such an ideal b, choose 
a finite idele b E tp+ n A* + so that it is congruent to 1 modulo 91tp+ and its associated 
modulus coincides with b. Then we set 

T(b, b) = f 1 (oi)^ r 1 (ot), 

which does not depend on the choice of the auxiliary idele b. We also use the notation 
5(b) for T(b,b) as in [Sh78j . By virtue of the general theory, the double coset algebra 
i?(Ti(01), Ai(01)) is commutative and is freely generated as a Z-algebra by T(l) for prime 
ideals relatively prime to 91, U(l) for prime ideals dividing 91 and 5(1) for prime ideals 
relatively prime to 91. Moreover we obtain the following formula which one can adopt as 
the definition of the operator T([ e ) for prime ideals relatively prime to 91: 

T(l)T([ e ) = T([ e+1 ) + AA([)5([)T([ e_1 ) for each e > 1. 

It is also known that U(l e ) = U{l) e holds for every prime ideal dividing 91 and an arbitrary 
natural number e. 

Remark 2.6. In [Hi06 | and many other articles of Hida, the action of i?(To(91), Ao(91)) is 
defined as in the following manner. We first extend the nebentypus character e = (e,e+) 
to Ao(91) by just setting 

(c 

Now let l denote the standard positive involution on (2 x 2)-matrices defined by 

(a A fi -b\ 

yc aj \~ c ° J 

For each x in Ao(91), we define an action of the double coset [Fo(9l)xFo(9l)] on a Hilbert 
modular cuspform / belonging to 5 K (91, e;C) by 

h 

i —1 

where is a representative set of the left coset decomposition of roC^^To^)- 

For an element y of Ai(9t), the action of the f i(91)-double coset [f i(9l)yf i (91)] is com¬ 
patible with that of the Fo(91)-double coset [Fo(91)yFo(^ f l)]- Indeed we obtain 
h h h 

= ^2f{g(dety i )- 1 y^) = ^2 e + {det Vi)- 1 f(gy!i) 
i =1 i =1 i =1 

for f i(91)yf i(91) = Uf=i fi(9l)j/j, but then e + (y~ 1 ) equals s{y~[ L ) for every i because yi is 
an element of Ai(91). 
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Definition 2.7 (Eigenforms). A Hilbert modular form / belonging to e;C) is called 

an eigenform if it is a common eigenvector with respect to all double coset operators (or 
Hecke operators) belonging to i?(ri(91), Ai(9I)). 

By the well-known formula 

( 2 - 4 ) C{ a; /| T(n) ) = AA(b)C(b~ 2 na; f\ s(b) ) 

b|a, b|n, (b,O r !)=l 

(see [Hi88l Corollary 4.2] for instance), one observes that the Fourier coefficient 
of an eigencuspform / at a prime ideal ( is obtained as the multiple of C(x F +]f) and 
the eigenvalue with respect to the Hecke operator T([) (or t7([) if l divides 91). Recall 
that the eigenvalues of the Hecke operators acting on S K (94, e; C) are algebraic numbers 
due to [ |Sh78. Proposition 2.2], Therefore an eigencuspform / belongs to £ K (91, £;Q) if it is 
normalised. We denote by Qf the field which one obtains by adjoining to Q the eigenvalues 
of the Hecke operators acting on /, which we call the Hecke field associated to /. 

To introduce the notion of near ordinarity, we recall the notion of normalised Hecke 
operators after |Hi88( Section 3]. Let Q(«i) denote a field which one obtains by adjoining 
to Q all the elements of the form x K1 for x in F +,x . Then Q(«i) is a finite extension of Q. 
Note that k\ naturally induces homomorphisms F +,x —* Q(ni) x and A x + —> It is 

known that there exists an Fq( k1 )-subalgebra A of C satisfying the following condition: 

for each element x in A-£ x , the modulus associated to x Kl is principal as a 
fractional ideal of A. 

Refer to fHi88 , p. 310] for details of the existence of such an algebra A. Let us choose a 
uniformiser ■W[ of T] + for each prime ideal l of F + . We take a generator of the modulus 
associated to mf 1 (as a fractional ideal of A) and denote it by {E 1 }. We also define {a Kl } 
for an arbitrary fractional ideal a = ffi- prime ^ by Hi primed 1 } e ^- 

Definition 2.8 (Normalised Hecke operators). We define elements To(l), Lo(Q and 5o(b) 
of R(T i(91), Ai(91)) A in the following manner; 

To([) = {[ Kl } _1 T([) for a prime ideal 1 which does not divide 91, 

Uo(l) = (E 1 }^ 1 L r ([) for a prime ideal l which divides 91, 

iSo(b) = {b K1 } _2 5(b) for an integral ideal b which is relatively prime to 91. 

The operators To(t), t/o(() and 5o(b) are called normalised Hecke operators. 

Definition 2.9 (Near ordinarity). Let p be a prime ideal of F + lying above p. A normalised 
eigencuspform / belonging to 5^(91, e; Q) is said to be nearly ordinary at p (or nearly 
p- ordinary) if the eigenvalue of / with respect to the normalised Hecke operator To(p) (or 
t/o(p) if p divides the level 91) is a p-unit under the specified embedding Q —> Q p . 

A normalised eigencuspform / which is nearly ordinary at all prime ideals p lying above 
p is said to be nearly ordinary at p (or nearly p-ordinary). 

Note that the notion of the normalised Hecke operators does depend on the choice of a 
generator of {p K1 }, but the notion of the near ordinarity does not depend on it since the 
p-adic valuation of {p Kl }, which is regarded as an element of Q p via the fixed embedding 
l p , is well defined independently of the choice of its generator. The normalisation of Hecke 
operators discussed above is crucial in Hida’s theory on p-adic Hecke algebras. One of 
the reasons why it is important is that normalised Hecke operators preserve the space of 
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cuspforms with rational or integral coefficients. We omit the details; see [Hi88l Section 4] 
and |Hi06i Section 2.3.3]. 

We finally introduce the notion of p-stabilisation. Define an operator 

D(b): S K (yi,£]Q) —»■ <S' K (b 9 r t,e;Q) 
for every integral ideal b of F + by 

f\ V (b) (s) = |bU F+ / (0 j)) 

where b is a finite idele of F + whose associated modulus coincides with b. We readily 
see that the Fourier coefficient of f\ v ^ at a is given by C'(b _1 a;/). Now let / denote a 

normalised eigencuspform / belonging to S K (Vl, e;Q) and assume that / is nearly ordinary 
at p. Let p be a prime ideal of F + lying above p and suppose that the level Tt is not divisible 
by p. Note that the eigenvalue of / with respect to the Hecke operator To(p) is calculated 
as {p Kl } _1 C'(p; /) which we denote by Co(p; /). The eigenvalue of / with respect to S'o(p) 
is also calculated as (p Kl }^ 2 e+(p). Consider the Hecke polynomial of / with respect to 
the normalised Hecke operator To(p); in other words, consider the quadratic polynomial 
defined by 

1 - C 0 (p-J)X-Mp{p^}- 2 e* + (p)X 2 = (1 - a 0)t W)(l - p 0 ,pX). 

We denote two roots of this polynomial (regarded as an elements of Q) by «o,p and Po,p- 
Since / is nearly ordinarity at p, the Hecke eigenvalue Co(p; /) = «o,p + Po,p °f / with 
respect to To(p) is a p-adic unit. This implies that one of the roots has to be a p-adic unit 
(under the fixed embedding c p ), which we specify as «o,p- Let us consider the cuspform 
/ — {p Kl }Po,pf\v(p) ^ S'kCpTI, e; Q). Since {p Kl }/3o iP is a root of the quadratic polynomial 
1 — C(p; f)X + AApe^_(p)X 2 , the form / — {p K1 }/?o,p f\v(p) does not depend on the choice 
of a generator of {p K1 }. It has the same eigenvalues as those of / everywhere except 
at p and has the eigenvalue ao,p with respect to f7o(p); hence it is nearly ordinary at p. 
Repeating the same procedure for all prime ideals lying above p which do not divide the 
level Tt of /, we obtain the p-stabilisation f p ~ st of f, which is a normalised eigencuspform of 
level 9irip|pr F+ p-ptP- A normalised nearly p-ordinary eigencuspform is called a p-stabilised 
newform if it is obtained as the p-stabilisation of a certain primitive form (in the sense 
of Miyake ]Mi7ll p. 185]). In particular, the level of a (nearly p-ordinary) p-stabilised 
newform is divisible by every prime ideal p of F + lying above p. 

2.1.4. Galois representations associated to Hilbert modular cuspforms. We here introduce 
the notion of Galois representations associated to Hilbert modular cuspforms. 

Theorem-Definition 2.10. Let f be a normalised eigencuspform of cohomological weight 
n, level Tl and nebentypus e. Let 1C be a finite extension of Q p containing the Hecke field 
Q f off (under the fixed embedding l p : Q ^ Q p ). Then there exists a 2-dimensional Galois 
representation Vf of G F + with coefficients in 1C such that the equality 

det(l-Frob q X\V f ) = 1 - C(q; f)X + Nc\e* + ((\)X 2 

holds for every prime ideal q which does not divide pHl. Moreover Vf is an irreducible rep¬ 
resentation ofVf. The Galois representation Vf of Gp+ is called the Galois representation 
associated to /. 
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The existence of such a Galois representation is established due to results of many people 
including Ohta [Oh83] . Carayol [Ca86j . Wiles [Wi88] . Taylor |Tay89| , and Blasius and Ro- 
gawski |BlRo94j . The irreducibility of Vf is verified due to Taylor in |Tay95, Theorem 3.1] 
by the same argument as Ribet’s one in [R,i77| . Note that the Galois representation Vf 
is uniquely determined up to scalar multiples by virtue of its irreducibility combined with 
Gebotarev’s density theorem. 

When the Hilbert cuspform / is nearly p-ordinary, we can also obtain precise information 
on the local behaviour of the associated representation Vf at places above p. 


Proposition 2.11. Let f be a normalised eigencuspform of cohomological weight k, level 91 
and nebentypus e which is nearly ordinary at p and let the other notation be as in Theorem- 
Definition I2.10L Then, for each place p of F + lying above p, the Galois representation Vf 
associated to f contains a unique 1-dimensional Dp-stable JC-subspace Fil+V/ on which the 
decomposition group D p of Gp+ at p acts via the p-adic character character <5 P : D p -A /C x 
satisfying 


(2.5) <5 p (Frob rop ) = a f (w p ) 

for every uniformiser zu p of F p + . Here Frob rop = (tu p , F p +,ab /F p + ) denotes the Frobenius 
element corresponding to the uniformiser w p via the local reciprocity map. The value 
af(w p ) appearing in (12.511 is a unique p-adic unit root of the quadratic polynomial 

(2.6) 1 - w;^C(p; f)X - w~ 2Kl ’ p ATp£* + (p)X 2 = (1 - a f (w p )X)( 1 - P f (w p )X) 

where C(p;/) denotes the eigenvalue of the Hecke operator U(p) with respect to f, and 
K Lp = S T - ((.pOTj-ROTg )= p k i,t denotes the summation of over all r: F + ^A Q such 
that i p o t induces the place p. 

Note that the near p-ordinarity of / guarantees that the quadratic equation (12.61) indeed 
has a unique p-adic unit root. We also remark that the character <i p is not unramified in 
general, and hence the equation (12.511 does depend on the choice of a uniformiser vo p of F p + , 
contrary to the cases of p-ordinary modular form (of parallel weight). 

Proposition 12.111 is first observed by Mazur and Wiles for p-ordinary elliptic modular 
forms of weight 2 [MW841 Chapter 3., Section 2] and then verified by Wiles for p-ordinary 
Hilbert modular forms of parallel weight in |Wi86i Theorem 2.2] and |Wi88l Theorem 2]. 
The general cases have been verified by Hida in [Hi89l Theorem I]. The H p -stable filtration 
Fil+V/ C Vf is used to define the local condition at p of Greenberg’s Selmer group (see 
also Section 13.1.11) . 


2.1.5. Hilbert modular cuspforms with complex multiplication. In this subsection we intro¬ 
duce the notion of Hilbert modular cuspforms with complex multiplication. The following 
definition is due to Ribet for elliptic modular forms |iR,i77L Section 3]: 

Definition 2.12 (Cuspform with complex multiplication). Let u: A p + /F +,x -a C x be 
a nontrivial grofiencharacter of finite order on F +,x . A Hilbert modular eigencuspform / 
of weight k, level 91 and nebentypus e is said to have complex multiplication by v if the 
equality 

(2.7) = 

holds for all prime ideals ( in a set of prime ideals of density 1 in x F +. 

A Hilbert modular eigencuspform / of weight k, level 91 and nebentypus e is said to 
have complex multiplication if / has complex multiplication by a certain nontrivial groBen- 
character u: A^ + / F +,x — >• C x of finite order on F + . 
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The right hand side of (12.711 is naturally regarded as the Fourier coefficient at 1 of / (g) w. 
the cuspform / twisted by the grofiencharacter v of finite order (see [Sh781 Proposition 4.5] 
for the definition of / <g> u). The nebentypus of / (g> v is easily calculated as v 2 e, and by 
comparing eigenvalues of the Hecke operator S’(l) at / and f ® v, we obtain the equality 

4(0 = ^([) 2 4(0 

for every prime ideal 1 prime to levels of / and / ® v. Then Cebotarev’s density theorem 
forces v 2 to be trivial, and consequently v must be a quadratic character if / has complex 
multiplication by v. 

An example of Hilbert eigencuspforms which has complex multiplication is obtained as 
the theta lift of a grofiencharacter of type (Ao) of a CM number fields. In order to introduce 
the notion of theta lifts, let us consider a totally imaginary quadratic extension F of F + , 
which is by construction a CM number field. We denote by c a unique nontrivial element of 
the Galois group Gal (F/F + ), which is none other than the conplex conjugation. Now let E 
denote a CM type of F , that is, a subset of I F such that Ip is decomposed into the disjoint 
union of E and E c = {<r o c | a € E}. Then we have a canonical bijection E —> I F + 
via the restriction a i-A u\ F +. Since each complex place corresponds to a unique element 
a of the fixed p-ordinary CM-type E, we identify E with the set of archimedean places 
of F and, for each cr £ E, we specify the identification of F a with C via the embedding 
too o <t: f^C; in other words, we identify A|? = F <8>q R with C s via the isomorphism 
induced by x <S> 1 >->• (too ° <r(a;)) (re s. 

Under these identifications, the infinity type p of a grofiencharacter iy. A^/F x —>• C x 
of type (Ao) is described as p = + p^cf), where a = a o c denotes a unique 

element in E c corresponding to cr G E. A grofiencharacter r/ of type (Ao) on F is said to 
be E -admissible (or admissible with respect to E) if its infinity type p satisfies p a < 
for every a in E. Given an E-admissible infinity type p on F, we define a cohomological 
double digit weight = (^, 1 ,^, 2 ) € Z[I F +] x Z[I F +] on F + by 



Given a grofiencharacter 77 : A p/F x -A C of type (Ao) on F, we define s, n = {£ n ,£ n ^ + ) by 

= ( v F/F+v\ T fy ) Vf/f+t)) 

where rj is defined to be 7 /Lx | • Lx and v F / F + denotes the quadratic character on 

F+ F+ 

A p + /F +,x associated to the quadratic extension F/F + via global class field theory. Finally 
let ® F / F + denote the relative discriminant of the quadratic extension F/F + . 

Proposition-Definition 2.13 (Theta lifts). Let F be a totally quadratic extension of F + , 
E a CM type of F, and £ an integral ideal of F. Let iy. A p/F x —>• C x be a grofiencharacter 
of type (Ao) with modulus £ and suppose that the infinity type p of rj is Z-admissible. 
Then there exists a unique normalised cuspform $( 77 ) of weight level Q F / F +££ C and 
nebentypus e n such that its Fourier coefficient C(a;7?(7/)) at an integral ideal a of F + is 
given by X^acr F (a e;)=i-2ia c =n r ?*(^)- cuspform ^{rf) is a common eigenvector of T(l) 
for every prime ideal l relatively prime to ® F / F +(i£ c . Furthermore if the modulus £ of 
?7 coincides with the conductor £(y) of rj, the resulting cuspform $( 77 ) is primitive in the 
sense of Miyake [Mi71 . p. 185]. 
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The normalised Hilbert modular cuspform $( 77 ) defined as above is called the theta lift of 
the grofiencharacter 77 of (Ho) on F. See [ Ge75l Section 7B] for the proof of the proposition, 
which is based upon Hecke theory on GL(2) through representation theoretic arguments. 

By its explicit description, the Fourier coefficient C(l; $( 77 )) of $( 77 ) at a prime ideal 1 
equals 0 if 1 is inert in F; in other words, (7(1; vanishes when vf< F+ (l) equals 0 or 

— 1. We thus readily observe that $( 77 ) has complex multiplication by v F / F +. Conversely, 
if a Hilbert cuspform / belonging to S K {ffl,e ; Q) has complex multiplication by a quadratic 
character u, there exists a totally imaginary quadratic extension F of F + such that v is the 
character associated to F/F + and / is described as a linear combination of theta lifts of 
appropriate grofiencharacters of type (Ho) on F. We strongly believe that this fact is fairly 
well known, but we shall give a proof of this fact with the language of Galois representation 
at Proposition IA.1I in Appendix [Aj 

In order to let the theta lift $( 77 ) be nearly p-ordinary , we must impose the following 
ordinarity condition on the totally imaginary quadratic extension F/F + : 

- (ord^yj?+) all places of F + lying above p split completely in F. 

Then due to the ordinarity condition (ord F /p+), there exists a p-ordinary CM type E of 
F\ that is, S is a CM type such that two embeddings l p o a and l p o a o c of F into 
define different places of F (lying above p) for each a in E. See Section [2.3.11 for details on 
p-ordinary CM types. 

Now, under the ordinarity condition (ord F pp+), let E be a p-ordinary CM type of F 
and 77 : Ap/F x —>• C x a E-admissible grofiencharacter of type (Ho) on F. We say 77 to be 
ordinary with respect to E (or E- ordinary) if 77 is unramified at every place ip contained 
in E p . Then the theta lift 19 ( 77 ) °f 1 is nearly p-ordinary when 77 is ordinary with respect 
to E. Conversely if / is a nearly p-ordinary p-stabilised newform with complex multiplica¬ 
tion, there exist a totally imaginary quadratic extension F of F + satisfying (ord^/p+), a 
p-ordinary CM type E and a S-admissible grofiencharacter 77 of type (Ho) on F ordinary 
with respect to E such that / is described as := d(r]) p ~ st . We think that one can verify 
these facts by looking at the local component at p of the automorphic representation nj 
associated to /, but later we shall give a brief proof at Proposition IA.3I in Appendix IA1 
based upon the local study of the Galois representation Vf associated to /. 

2.2. The cyclotomic p-adic L-function for Hilbert modular cuspforms. We intro¬ 
duce the notion of the cyclotomic p-adic L-function associated to Hilbert modular cusp¬ 
forms in this section. We first define the (complex) p-optimal periods in Section 12.2. 11 and 
then discuss the p-adic L-functions after the result of the second-named author |Ochl 2 l in 
Section 12.2.21 

Throughout this section F + denotes a totally real number field satisfying the following 
unramifiedness condition: 

- (unrj?+) the prime p does not ramify in F + . 

In particular F + does not contain primitive p-th roots of unity. 

2.2.1. The p-optimal complex periods. We recall the definition of the p-optimal complex 
period associated to a normalised eigencuspform / of weight k. level 01 and nebentypus 
e in this paragraph after |Ochl2l Definition 3.5]. Let /i“ iax denote the maximum of the 

integers over r in I F +, and set f(x) = f(x)\ det(x )| A 1 + for every element x of G( Aq). 
Then we readily see that / is a Hilbert modular eigencuspform of weight R, level 01 and 
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nebentypus i, where k and i are defined as 


k = (ki, k 2 ) = (fti - («i iax + l)t, n 2 - (k™ 


+ i),),£= (£ |.| 2 <;"“ +1 », e+ |. 


F+ 


2 ( re max + i) 


In particular the weight k of / is critical in the sense of Definition 12.31 The cuspform / 
is sometimes called a critical twist of f. For a subalgebra A of C containing all Hecke 
eigenvalues associated to /, let f)a(yi,i;A) denote the image of -R(Ii(Tt), Ai(Tl)) (g>z A in 
End^S^X^!, e; A)). Then, as an element of H), the Hecke operator 5 (b) is naturally 

identified with £+(b) = £+(b)Afb~ 2 ( K i iax+1 ). Consider a linear map A y. bs(Tt,e;H) —>■ A 
which sends the Hecke operator T([) (resp. t/([)) to an eigenvalue A^(l) of T([) (resp. 17(1)) 
with respect to the eigencuspform / for every prime ideal l which does not divide 91 (resp. 
which divides l). Note that A^([) equals A/’[ _( ' K i iax+1 ^Aj([) by construction, where Ay (t) is 
an eigenvalue of T(l) (or 17(1) if ( divides 91) with respect to /. 


Let Ti(Tl) /q denote the Hilbert-Blumenthal modular variety of level 91 . It is an algebraic 
variety defined over Q and obtained as the canonical model of the complex analytic variety 
Y\ (01) = G(Q)\G(Aq)/T i(DT)C'i. Note that if we choose a set of representatives {q}^ =1 of 
the strict ray class group Cl^ + of F + , we can decompose the Hilbert-Blumenthal modular 
variety Yi( 91 )(C) as 


h 

(2.9) Yi(sn)(C) = yri(9n)\f)^+, 

Z— 1 

where b denotes the Poincare upper half plane and, for each i with 1 < i < h, rj( 9 t) 
denotes the arithmetic subgroup of G(Q) defined as 

rl( 9 i) = G(Q)n . 


Corresponding to the decomposition of the Hilbert-Blumenthal modular variety (12.91) . the 
space of cuspforms 5 K (Ti('Jl); C) of level Ti(Tl) is also decomposed as 

h 

( 2 . 10 ) 5 s (f 1 (9t);C) = ©S*(ri(tft);C) ; h ^ ( K{z ))i<i< fc , 

1=1 

where 5£(r^(91);C) denotes the space of cuspforms of weight k and level rj(91) on 1 
See, for example, |Qchl21 Dehnition 2.5. and Lemma 2.6.] for details on the decomposition 
(12.101) . In the rest of the article, we choose and fix a set of representatives {q}^ =1 of Cl^ + 
so that the p-component of each c t equals 1 for all the places p of F + lying above p. Next, 
we define a standard local system J£(k;A) on Y\ (91) (C) for a subring A of C satisfying the 
following condition (*): 

(*) the subring A contains the normal closure of t F + cj -1 ] for each i with 
1 < i < h, where d F + denotes the absolute different of F + . 

For each element r of I F + , let L(k T ;A ) = ©^)L 0 K1,T 1 AX™ T Yr 2 ' T Ki,t 1 "‘ T denote the 
free H-module spanned by all two-variable homogeneous polynomials of degree k 2)T —k\ F —1 

with coefficients in A. Let g = ^ be an element of GL 2 (F + ) such that all conjugate 

of the matrix component a,b,c,d of g are contained in A. Such an element g acts from the 
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left on L(R T \A) by 


,T ^1 ,r 1 77l T 

i —y T(det(gf^) • (r(a)X T + r(c)Y T ) m ^(r{b)X T + T(d)Y T f^-*i,T-i-m T 

for each m T with 0 < m T < R 2 , t — , T — 1. Set L(R-,A) = (£) t€ j f+ L(R t ;A). Then we 
define the standard local system JY(R]A) on Yi(9T)(C) as the sheaf of continuous sections 
of the following covering map: 

G(Q)\G( Aq) x L(R-A)/ f 1 (9fl)C' i -A G(Q)\G(A Q )/f 1 (0I)C7 i = Ti(0T)(C). 


Here we consider that L(R ; A) admits the trivial right action of f i(0T)Ci, and we let G(Q) 
and ri((rt)Ci act on G( Aq) x L(R]A) diagonally. The Hecke algebra 1^(94 !; ^4) then acts 
on the Betti cohomology group H d (Yi(9X)(C), «£? (R; A)) via the Hecke correspondences. 
Note also that, via the decomposition (12.9ft . we can regard the local system d£(R] A) as the 
sheaf of continuous sections of 

rj(w)\(f) 7 F+ x l(r-a)) -a 


on each connected component P 1 (9 : I)\[i / f’+ of Yi(Tt)(C) of Yi(Tt)(C). 

Next let Qj be the composite field QyF +,gal and tj its ring of integers. Let us denote by 
t'f the localisation of dj at the p-adic place induced by the specified p-adic embedding 


Qj CQ4 Q p . Note that an arbitrary ^-algebra satishes the condition (*) since d F + 
is a p-adic unit due to the assumption (unr F +), and it is possible to choose representatives 
{Ci }* =1 so that they are relatively prime to p. Therefore for an arbitrary r^ ^-algebra A, we 

can take the maximal A-submodule H d (Yi('Jl)(C),JY(R; A))[A^~] of the Betti cohomology 
H d (Y\ (91)(C), JY(R; A)) (resp. the maximal A-subrnodule H d (Yi(9l)(C),Ad(R] A))[Xj] of 
the compactly supported Betti cohomology H d (Yi(9i)(C),JY(R; A))) on which the Hecke 
algebra t)a(9t,£; A) acts as the multiplication of the eigenvalues at /. Now let e be an 
element of {±l}^f+ which we regard as a character defined on the group of connected 
components of the infinite part GL 2 (M.) d F+ in GL 2 (A F +). We consider the composite map 


(2.11) H d (Yi(91)(C), .Sf (re; tj (p) )) —► i? c d (Fi(Dn)(C),JS?( k;C)) —> tf c d (Fi(01)(C),i?(re; C))[X f Y 

where the first map is a natural one and the second map is the projection. As is well 
known, the group of connected components act on H d (Yi(9l)(C),Jd’(R]C)) in a way com¬ 
patible with the action of f)K(Tt,e;C), and the e-eigenspace H d (Yi(9l)(C), 2z?(k; C))[Aj] e 
of H d (Yi(9l)(C), d£ (re; C))[Aj] with respect to this action is of dimension one over C 
for each e. Thus the image of H d (Y\(9t)(C), 2z?(re; ^)) under the map (12.111) is free 
of rank one over the discrete valuation ring dj for each e; or in other words, each 
H d (Li(fH)(C), 2z?(re; C))[Ay] e is equipped with an dj -integral structure. 

We are now ready to associate the Hilbert cuspform / to a cohomology class [/]. Let 
(fi(z))i<i<h denote the element of ©(* =1 ^(T^Tt); C) corresponding to / via the decom¬ 
position (12.101) . and let us consider the vector-valued differential form uaj = (iOj.)i<i<h on 
Yi(Tt)(C) defined as 

oj fi = fi(z T ) J] (x T + z T Y T f^-*i,T-i yy dZr 
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on each connected component of Yi(9t)(C), where (z T ) rG / F+ denotes the stan¬ 

dard coordinate of f) i f+. The integration of ojj on a d-cycle of Y\ (91) (C) then defines a 
cohomology class [/] of H d {Y i(91)(C), «£?(«;; C)), which we call the Eichler-Shimura class 
associated to the critical twist / of /. We use the same symbol [/] for its image under the 
composition 

H d (Y 1 (^)(C),^(~K-C)) P ” J H d (Yi (91)(C), 2?? (£; <C)) [A j?] = H^Y^iC),S?( k-,C))[\;\ 

by abuse of notation. 

Definition 2.14. For each e, let us choose an r / ( p ) -basis b e of the image of the rank- 
one free ^-module H d (Yi (91) (C), «£?(£; ^)) under the map (12.111) . Then we define a 
p-optimal complex period C x of signature e of / to be the constant given by 

(2-12) [/? = C} i00 • 

where [f] e denotes the image of [/] under the projection onto IL d (Yi(9I)(C), 2§?(/c; C))[Ay] e . 
The complex period Cy ^ depends on the choice of b e which has an ambiguity of a multiple 
of an element in ( r /( p )) x - Hence we often regard Cj^ as an element of C x /(t^^) x . 

2.2.2. The cyclotomic p-adic L-functions. We here introduce the notion of the cyclotomic 
p-adic L-functions associated to Hilbert modular cuspforms and their interpolation formu¬ 
lae (Theorem 12.151) . 

Let ClJ + (p°°rp’+) be the strict ray class group of F + modulo p°°xp +, which is defined as 
the projective limit ClJ + (p 00 tp’+) = lim ^ ; __ A x + /(F + ) x / p n 1 .^_ l _. Here the subgroup I p n x F+ 
of A x + is defined as 

w + = n * n (i+p” m 't F+ , P )x n 

( t.P r F+ P|P r F+ w : archimedean place of F+ 

when ptp+ is decomposed as pxp+ = r[p|pr F+ P mp - For an archimedean place w, we de¬ 
note by (tp + w ) + the connected component of x^ + w containing 1, which is isomorphic to 
M> 0 . We denote by F p to r ^ + the strict ray class field modulo p°°Xp+ over F + , the field 
corresponding to CY^ + (p°°Xp+) via global class field theory. For a ray class character 
(f>: Clp + (p°°tF+) —>• C x of finite order, we associate its signature sgn(r/>) € {Tl} 7 ^ in the 
following manner. Observe that there is a canonical homomorphism from the component 
group {±l} 7 c+ of the archimedean part of the idele class group to Cl^ + (p°°r^+). Via 
this homomorphism, we associate a character (c i> T )r&i F+ on {± 1}G+ to cf>. We define as 
sgn(^>) = (^ T (-l)) re / F+ . 

We next define the Gaussian sum G(<f) of the ray class character <f>: Clp + (p°°Xp+) —>• C x 
of finite order as 

(2.13) G(4>)= Y 0(x)exp(2vrv /:r lTr F+/ Q(x)), 

xe(<£(4>)- 1 /t F+ ) x 

where we denote by (£((/>) -1 /tp+) x the subset of £(</>)~ 1 /tp+ consisting of elements whose 
annihilators exactly coincide with (£(0). In the defining equation of G{<f>) we evaluate cj) at 
an element x of (£(</>)~ 1 /tp+) x via the following composition: 

(£(</*) 1 / r F+) X — > (tp+/£(<?!>) ) X ~^ ( t F+/£( ( t>)) X / x p+ ^ ClJ+(£(^)). 
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For a Galois character <f: Gal(Fpto r ^ + /F + ) -» Q x of finite order, there exists a unique 
character on Cl^ + (p 00 x F +) whose value at a prime ideal [ relatively prime to px F + equals 
^(Frob^ 1 ), the evaluation of at the arithmetic Frobenius element of L By abuse of 
notation, we use the same symbol <f> for this unique ray class character. 

We now state the existence of the cyclotomic p-adic L-function associated to a Hilbert 
modular cuspform, which is originally due to Manin [Man761 Sections 5 and 6]. For an 
element k of h[I F +], we define the integer fc max (resp. k m [ n ) as the maximum (resp. the 
minimum) among its coefficients. 

Theorem 2.15. Let f be a normalised nearly p-ordinary eigencuspform in e; Q) 

which is stabilised at p. We fix a discrete valuation ring O finite flat overZp which contains 
x'f ( p y Then there exists an element Cf yc (f) of 0[[Gal(F + (/i p °°)/L + )]] <g>z p Q p characterised 
by the interpolation property (recall that we have put d = [L + : <Q>]) 


(2.14) 

Kl) g W n 

1 ' Pbr F + 




(_2 7rv ^Ti)<iO'-«? iax -i)(7^ 


for an arbitrary integer j satisfying K™ ax + 1 < j < K 2 ,min and an arbitrary character 
of Gal(F+(p p oo)/F + ) of finite order. Here Cdenotes a p-optimal complex period of 
signature (see Definition 12.141 . The signature is defined as (—l)f _K i iax_1 S gn(<^). 
The p-adic multiplier Ap(f;(j),j) is defined as 


A p (/;</>, j) = < 


1 - 


«p(/) 

j-1 \ ord p (C(<p)) 


if p does not divide 


if p divides £(0), 


f Np 3 ~ 

V «p(/) 

where a p (/) denotes the eigenvalue of f with respect to the Hecke operator U(p). The 
gamma factor is abbreviated by using multi-indices as 

r(mt — k \) = r(m — Ati, r ) for each m satisfying m > + 1. 


Remark 2.16. The construction of [Man76| is based upon modular symbols over Hilbert 
modular varieties, which is a generalisation of the work by Manin himself, Mazur and 
Swinnerton-Dyer, Visik, Amice and Vein for elliptic modular case (see |MTT86] for his¬ 
torical reviews). The construction of Theorem 12.151 is revisited by }Dil3l fOch!2j in the 
context of generalising it into nearly ordinary Hida deformations. 


Remark 2.17. There is another fashion of construction of p-adic L-functions associated to 
(Hilbert) modular forms which is based upon the theory of Rankin-Selberg convolutions. 
Methods of the construction of p-adic L-functions in this direction are discussed by Pan- 
chishkin | Pa94 j. Dabrowski |Da94| . Mok )Mok09j and so on. The complex period appearing 
in their theory is of Shimura type; namely, it is defined by using the self Petersson inner 
product of the given cuspform. 


2.3. Katz, Hida and Tilouine’s p-adic L-functions for CM number fields. In this 
subsection we introduce the p-adic L-function (or the p-adic measure) for a CM number 
field which was first constructed by Katz |Katz78j for grofiencharacters of type (Aq) with 
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conductors dividing p°°, and then by Hida and Tilouine |HT93l Theorem II] for general 
groBencharacters of type (Aq). 

2.3.1. p-ordinary CM types. As in Introduction, let F be a CM number field of degree 2d 
with the maximal totally real subfield F + . We denote by c the complex conjugation of F, 
that is, the unique generator of the Galois group of F/F + . We impose the two assumptions 
(unr£) and (ord^y^+) on F/F + and p, which are introduced at the beginning of Section [2721 
and a little bit before Proposition-Definition 12.131 respectively. 

By virtue of the assumption (ord^y^+), one can consider a p-ordinary CM type £ of F 
(also called a p-adic CM type). Namely £ is a subset of Ip satisfying the following two 
conditions: 

- we have Ip = £ U £ c (disjoint union) where E c = {ff o c £ Ij? | £}; 

- we have {places of F lying above p} = £ p U ££ (disjoint union) where £ p the set 
of places of F induced by embeddings i v o a for all o in £ and ££ the set of their 
complex conjugates. 

It is not difficult to see that there exists a p-ordinary CM type £ if and only if the con¬ 
dition (ord f/f+) is satisfied and that the number of p-ordinary CM types is equal to 
2#{places of F lying above p}_ L e ^ ug ^ a k e a p-ordinary CM type £ and fix it once and for all. 
Then, by the definition of grofiencharacter of type (Ao), the sum p a + p& has the same 
value for every a in £. We denote this constant by —w. The infinity type p of r 7 thus has 
two expressions as follows: 

p = ^(p CT u + p 5 a) = -wt - ^ r a (a - a). 

crES crES 

2.3.2. The CM periods of Katz, Hida and Tilouine. We next introduce the complex and 
p-adic periods which appear in the interpolation formula of the p-adic L-functions for CM 
number fields. 

Let £ be an integral ideal of F which is prime to p and let us choose and fix an element 
5 of F which satisfies the following two conditions: 

(l<s) the imaginary part Im(<r(<5)) of 5 is positive for all a in £; 

( 2 , 5 ) the alternating form defined by ( u,v)s = (uv c — u c v)/25 induces an isomorphism 
between xf A Vp+ r p and 0“{_c _1 for a certain fractional ideal c of F + prime to p££ c . 

Here denotes the absolute different of F + . We embed xf into C s diagonally via the 
fixed (p-ordinary) CM-type £ and denote its image by £(cf), which becomes a Z-lattice 
in C s . We denote the complex torus C s /£(cf) by X(tp). Then the pairing ( , )s defines 
a c-polarisation on X(tp) and thus the pair (X(xp), ( , )s) gives rise to an abelian variety 
(X(tF), A 5 ) equipped with a c-polarisation A s'- X(t p) f —> X(t p) <S> v F+ c. By construction 
the c-polarised abelian variety (X(xf), As) is equipped with complex multiplication by xp. 
Note that the element 25 is a generator of the fractional ideal cdp of F by the polarisation 
condition ( 2 , 5 ) (see also |Katz78l . Lemme (5.7.35)]). In particular, if we embed 25 into the 
idele group A p/F x diagonally and denote (25) w the component at the prime w, we can 
take (25)yj as a generator of <8> tF t p t Q for every prime ideal Q of F relatively prime to c. 

Next we endow (X(xf), Xg) with a T^p 00 )-level structure. In order to do so, we first 
decompose € into a product <£ = so that is a product of prime ideals completely 
split over F + , 3 is that of prime ideals inert or ramified over F + , 5 and 3c are relatively 
prime and 3c (the complex conjugate of 3c) contains 3- We fix such a decomposition of £ 
once and for all. We put f as 371 n F + and f c as $ c 3 n F + ; then f and f c are integral ideals 
of F + and f c contains f. We choose a differential idele d^+ = (d„)„ of F + , a finite idele 
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of F + whose associated modulus coincides with 0p+, so that the following conditions are 
fulfilled: 

- the local component d„ equals 1 unless v divides pfd F +; 

- if 0 is a prime divisor of 5 and q is the unique prime ideal of F + lying below 0, 
the local component d q of d is given by (2 5)q, where we identify _F. + with Fq via 
the isomorphism induced by the canonical inclusion F + ^ F. 

Then the composition 

(^®Z<Gm)[p°°](C) = C)-i 1] (p-°°/t F+ ) 

P|pt F + 

If (P"°°Af + )^ I] ( < P"°°AF)^C s /E(r F ) = X(r F ). 

p|pc F+ TeSp 

induces a Too(p°°)-level structure i(tp): (0^+ <8>z G m )[p°°] ^ X(tp) over C. The theory 
of complex multiplication enables us to find a model of the triple (X(tp), ?'(tp)) over a 

valuation ring which is obtained as the inverse image under l p of a certain finite integral 
extension O' of O ur . Moreover, since we admit the unramifiedness condition (unrp+), 
we can take O' as O UI itself due to the fundamental theorem of the theory of complex 
multiplication combined with Serre and Tate’s criterion for good reduction. Let us denote 
the inverse image of O m ' under l p by W and take a tp (g>z W-basis w(tp) of the module of 
invariant differentials u_x(x F )/w- Recall that w_x(t F )/v\) is an invertible module over rp<8>zVV 
since X(tp) has complex multiplication by tp). 

By construction, X(tp) admits a canonical complex uniformisation II: C s -» X(x F ) 
defined as the quotient with respect to the lattice E(tp). It induces an isomorphism 
between the modules of invariant differentials 

n * : ^-x(x F ) "A (J) Cdu a 

ctES 

and we can take wtrans(tp) = XAes d u <? as a tp<g>zC-basis of the right hand side. Then we 
define the complex CM period 0cm, oo = (0 cm,oo,<t) £ (tp <8>z C) x = C X,E by the following 
equality: 

II w(tp) = 0CM,oo ^trans(tp) • 

On the other hand, (the p-part of) the Too(p°°)-level structure induces an isomorphism 
i P : Apl ®z G m ) A A- X(x p) A between the formal completions along the identity sections 
over O UI , and hence we obtain the isomorphism 

o-es 

We can take cu can (tp) = XAes r /T a as a tp <8>z O ur -basis of the right hand side, and 
we define the p-adic CM period 0cm, p = (0CM,p,<r) £ (tp <8>z 0 U1 ') X = (0 ur ’ x ) s by the 
following equality: 


*pw(tp) = 0CM,p w can (tp). 

Remark 2.18. One readily observes by the construction above that, when one replaces 
cu(rp) with another tp <g>z W-basis of i±L\'(t F )/>v, both 0cm,oo and 0cm, p are multiplied by 
the same value contained in (tp <g>z W) x ; therefore the ratio of the pair (0cm,ooj 0cm, p) is 
well defined independently of the choice of a basis cu(tp) of aix(x F )/w- 
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2.3.3. The p-adic L-functions for CM fields. In order to state the interpolation formula 
of the p-adic L-function for the CM number field F, we here introduce the notion of dual 
groflencharacters ; for a grofiencharacter p of type (Ho) on L, the dual grofiencharacter p 
of r] is defined by p(x)p(x c ) = |x|a f for every x in Ap. In the language of ideal characters, 
it is characterised as 77 * (21)17* ( 2 t c ) = A/" 2 l _1 for every fractional ideal 121 relatively prime to 
£( 77 ). 

Now we are ready to introduce the results of Katz, Hida and Tilouine. 


Theorem 2.19 l |Katz78l Theorem (5.3.0)], ]HT93. Theorem II]). Let p be an odd prime 
number and F a CM field of degree 2d with the maximal totally real subfield F + . Assume 
that F, F + and p satisfy both the conditions (unrp+) and (oxd F / F +). Let us choose and 
fix a p-ordinary CM type S of F. Let <£ = be an integral ideal of F relatively prime 
to p and 5 a purely imaginary element of F satisfying both the conditions (la) and (2a) 
stated at the beginning of Section 12 . 3 . 21 Then there exists a unique element C^^fi-(F) in 


the Iwasawa algebra O l 
€p°° over F, satisfying 


: [[Gal(-F(rpoo/F)]], where F^ p °o denotes the ray class field modulo 


rr l (T™ T 


(F)) 


Qiut+ 2 r 

* *CM ,p 


= (t 


F ' r F+)^ / p( 7 ?) 


(-l) wd (2vr)l r lr E (u;t + r) 
vT^Im(2<5) r 


x n<i - »*(£» n - »*<r))(i - >r(rm§L# 

£|£ VeSp CM,oo 


for each grofiencharacter p of type (Aq) with conductor dividing £p°° such that 

(i) the conductor of p is divisible by all prime factors of 

(ii) the infinity type p = —wt — r <r{ a ~ &) °f V satisfies either of the followings ; 

(a) w > 1 and r a > 0 for all a in E; 

(b) w < 1 and w + r a — 1 > 0 for all o in E. 

The local e- factor W p (rj) at p is defined as 

W p (p) = II ^2 Vv(x)e v (w^ e{V \ 25) ( ^ 1 x) 

'PeSp a;G(rp’,^p/15 e ^b x 

where denotes a uniformiser of the local field Lip and denotes the exponent ofi p 
in the conductor of p. In the equation above we diagonally embed 25 into the idele group 
Ap and denote its component by (2<5)sp. 


In Theorem 12.191 we use the following convention on multi-indices; 

for ? = CM or p, |r| = ^r CT , 
crES ctES 

r s (u;t + r) = r(tc + r CT ), Im(2<5) r = Im(cr(2<5)) r<7 . 

crES crES 


Remark 2.20. The p-adic L-function £™ T (L) does depend on the choice of 5 satisfying 
the conditions (la) and (2s), but we can explicitly describe effects on the interpolation 
formula when we replace 5 by another purely imaginary element 5' satisfying the polarisa¬ 
tion conditions (la) and (2a). In particular, we readily observe that the p-adic valuation of 
does not change after such a replacement of 5. Refer, for example, to |Katz781 
Section 5.8]. We also remark that the assumption (umy+) is not required in Katz, Hida and 
Tilouin’s original construction of However, without (unrp+), the constructed 
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p-adic L-function ^ T (F) might not be an element of O ur [[Gal(F£ p oo/.F)]] but an element 
of Oc p [[G&l(F£ p oo/F)]]. 

2.4. Comparison of the p-adic L-functions. In this subsection we specialise Katz, Hida 
and Tilouine’s p-adic L-function of L|^ t (L) for a CM number field to a fixed arithmetic 
weight parametrisation and obtain an element of the cyclotomic Iwasawa algebra which 
interpolates critical values of the L-function associated to a Hilbert modular form with 
complex multiplication. At the end of this subsection, we compare the specialised element 
with the p-adic L-function £ p yc (/) constructed by the second-named author, and formulate 
a certain conjecture on the relation between Katz’s complex CM periods and modular 
symbolic complex periods. 


2.4.1. Comparison of the interpolation formulae. Let the notation be as in the previous 
subsection. Recall that, in particular, p denotes a E-admissible grofiencharacter of type 
(Aq) on F ) for an appropriate p-ordinary CM type E. Now assume that i?(p) is a primitive 
form; in particular, i?(p) is an eigenvector with respect to the Hecke operator T(p) (or 
U(p)) for each p lying above p. Then, as we have already seen at the end of Section 12.1.51 
the cuspform t?(p) is nearly p-ordinary if and only if p is ordinary with respect to E, that 
is, p is unramified at every ip contained in E p . Assume that p is ordinary with respect to E 
and let i?(p) p_st denote the p-stabilisation of i?(p). In particular, the eigenvalue with respect 
to the normalised Hecke operator t/o(p) is given by {p Kl } _1 p*0P) for each prime ideal p 
lying above p; here *p is an element of E p satisfying i)Kp c = p. One readily observes that 
the p-adic valuation of {p K1 } -1 p*(*P) coincides with that of the evaluation of the p-adic 
avatar p introduced in Section 12.1.11 at a uniformiser ro<p of Lip. Since the p-adic avatar p 
takes values into p-adic units, we see that $(p) p_st is indeed nearly ordinary at p. 


Proposition 2.21. Assume that we have chosen and fixed an element 5 of F satisfying 
the conditions (R) and (2<$) in Section \2.3.2[ Then under the settings and the notation as 
above, there exists an element L^ M (p) of 0<c p [[G&l(F + (p, p oo)/F + )]] characterised by the 
interpolation property 


(2.15) 


II 


X 


p, eye 


<KC 


eye 
p, CM 


(v)) = r(jt - K^Gty) 


Pl P* F + 

(-2T V ^T)l rf (-HcM,oo) K ' i ’ 2 (-^CM,oo)-^ 1 


for an arbitrary natural number j satisfying + 1 < j < (/c M , 2 )min and an arbitrary 
character (f of finite order of Gal(L 1 + (p p oo)/F+). Here Hcm,oo denotes Katz’s complex 
CM period introduced in Section \2.3.2\ and Hcm,oo denotes the modified complex CM period 
defined by ((2i5)^ 1 (g> 27r-v/—1)~ 1 Hcm,oo; which we regard as an element of (F + <g> C) x ). The 
Gaussian sum is defined as 112.131) . and the p-adic multiplier Ap(d(r]) p ~ st ,4>,j) is 

defined by 


AM’nT^j) 


_ <Kp)W 1 

v*W) 

J\fpj- 1 \ ord p(C( 4 >)) 




if p does not divide £(</>), 
if p divides 


Remark 2.22. Prasanna and the second-named author have already constructed an object 
corresponding to C^q m (l) i n elliptic modular cases [OP. Theorem 2.4], and our modified 

complex CM period Hcm,oo is a counterpart of the CM period defined there. 
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We firstly prepare two elementary lemmata required for the construction of the p-adic 
measure £^ M ( ? ?)- 

Lemma 2.23. The index (t£ : ?p+) is relatively prime to p. 

Proof. Let W F (resp. W F + ) denote the group of roots of unity contained in F (resp. in 
F + ). Then we have (x F : Xp + ) = Qp(Wp : W F +) where Qp is the Hasse’s unit index 
defined as (x F : W(F)Xp + ). It is known that Qp can take only two possible values 1 or 
2 (see [ HaS5, Satz 14] or :Wai)7. Theorem 4.12]). In particular Qp is not divisible by p 
because we assume that p is odd. Moreover the unit group x F contains none of the p-power 
roots of unity since F /Q is unramified at every place lying above p due to the assumptions 
(unrp+) and (ord F / F +). Hence the index (W F : Wp+) is not divisible by p either. This 
completes the proof. □ 

Lemma 2.24. Let 6 be an element of F satisfying the conditions (R) and (2$) at the 
beginning of .Section 12. 3. 21 Then the product rio-es cr (2$) an element of T ,*. 

Proof. Recall that 25 is a generator of the p-part of the absolute discriminant of F, or in 
other words, 25(xp <8>z Z p ) = dp <S>z Z p holds (refer to |Katz78l Lemma (5.7.35)]). The 
assumptions (unr F +) and (ordpypM-) imply that dp®zZ p is trivial, and hence 25 is ap-adic 
unit; that is, the image of 25 in F ®z is contained in (t p <S>z ^p) x - Then the image of 
25 under the composition 

(t F z r r eaea* n 4W zx 

coincides with DJo-es cr (2 5) by definition, where the middle isomorphism in the diagram 
above is the identification induced by the fixed p-ordinary CM type £: 

r F +(g) Z Zp^> tjr«p; x® 1 i-a (tp o cr(x)) tp o ( TeSp- 

Therefore rio-gs cr (2<5) is an element of Z*. □ 

Taking the bijection £ —> /p+;c t i-a cr\p+ into account, we abbreviated the product 
0^(25) as (2(5) t in the following arguments. 

We now explain how to construct the p-adic measure ^m^)- Let £ denote the prime- 
to-p part of the conductor of 77 and consider Katz, Hida and Tilouine’s measure £™ T (.F) 
introduced in Theorem 12.191 which is by construction an element of C? ur [[Gal(-F£ p 00 /m 
Define a p-adic integer d = d{5) to be (— l) rf (25) t = n<rgs < 7 (—2(5), which is indeed a p-adic 
unit in Z p by Lemma 12.241 Hence there exists a unique element zj of Gal (F(p pO o )/F) 
corresponding to d via Xp,c yc- 

Let do denote an element of £ such that K fJ A,a \ F+ ) takes the maximum K™f x , and let 
5)3o denotes the corresponding element of £ p : the prime ideal of F induced by the embedding 
tpoao- F ^A Q p . We denote the lay class field modulo £ riq3*e(SpUED\{q3o} W *) 00 over F b Y 

/qn K max 

Fg-poo■ Since rj is ordinary with respect to £, the p-adic avatar of is unramified at 

^.max 

5)3o by its construction, and therefore the corresponding Galois character p gal Xp,cyc factors 
through the Galois group Gal(F^L /F). The ray class field T^L is contained in F<r p oo 
by dehnition. On the other hand, the p-adic cyclotomic extension F(p p oo)/F is totally 
ramified at since F does not contain any p-power root of unity due to the conditions 
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(unrp+) and (ord^y F +). By compairing ramification, we see that F ^ p L is linearly disjoint 
from F(n p °°) over F. The Galois group of F(ji p o O )F^ 0 J oo /F is thus decomposed as the direct 
product of Gal(F(/r p oo)/T) and Ga\(F^ p00 / F). Via this decomposition we regard (zp 1) 
as an element of Gal(F(/j,poo)F^J 00 /F) and let denote its arbitrary lift to Gal(.F<r p oo /F). 
Then we define F c ^Q M (rj) € 0 ur [[Gal(-F + (p p °o)/F + )]] as the product of a power of Katz’s 

p-adic CM period Sl^’ 2 KlJ ’’ 1 ' > and the image of the element Ex(F, <5)£™ T (F) under the 
map 

a ur [[Gal(F Cp oc/F)]] -A d UI [[Gal(F(n p oo)/F)]\ A O m [[Gal(F + (^)/F + )]] 

dehned as g H > g gal {g)g\F+(p, p oo) for each element g of Ga\(F<r p oo / F). Here Ex(F, 6) denotes 
an element dehned by the product (xp : t p+ ) _1 ^/\D F +\(— 2<5) _ '>,i t zJ / [,. which we call the 

d[o) 

extra factor. Note that E c p Q M {g) is indeed p-adically integral since ExfF , 5) is a p-adic unit 
by virtue of Lemma 12.231 Lemma 12.241 and the assumption (unr^+). 


Proof of Proposition [2~2TL We shall deduce the desired interpolation formula of ^ y ^ M (p) 
from the interpolation formula of £™ T (E) (see Theorem 12.191) . Note that the evaluation 
of F C pQ M (rj) at Xp,cyc4> is exactly the same as the evaluation of Ex(F, 5)£ p £ T (F) the 
character p gal Xp, c yc<t> by dehnition. 


► Extra factor. — The evaluation of the extra factor Ex(F, 6) at the character ?7 gal Xp,cyc0 
is calculated as 


(2.16) 

7 7 gal Xp, cyc < MEx(-F, 5)) = (xp : r^)" 1 V^cyc^ 1 ) 

_ ma-v n _i^niax ..max 

= (4 : „(1) 

At the second equality, we just replace z^ by the corresponding element (z^, 1) in the 
product Gal(F(p p oo)/F) x Gal(F^L/F). 


► Interpolation region. — The infinity type g 3 of the grofiencharacter p gal Xp,c ycf> is given 
by So-ge((Ft ~ i) a + (Pa- ~ j)&)- We then dehne integers Wj and rj j(7 by the equation 


IE = ~Wjt - Y r jA° ~ A- 

(tES 

More concretely Wj and rj >(T are dehned as follows: 

w 3 = 2 j - [tip] and r 3 . a = Ha ~ j = - 3 for each a in E. 

The interpolation region of Katz, Hida and Tilouine’s measure for grofiencharacters of the 
form g gal Xp,cyc4> is given by 

(wj > 1 and rjp >0 v er £ E) or (wj < 1 and rj y(T + Wj — 1 > 0 v er £ E). 

The solution of the simultaneous inequalities above with respect to j is then calculated as 
maxjpo- | a £ E} + 1 < j < min{| a £ E}, which coincides with the desired interpolation 
region /-c“f x + 1 < j < (ft^Vm by the dehnition of k,, = (k Mj i, k M j2 ). 
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► Periods. - The equality nj!^ + ? 2r3 = 9^% k ' 1 ’ 1 holds for r j = fj,a^ and ? = oo, p. 

In particular the contribution of the p-adic CM period appearing in the interpolation 
formula of £™ T (F) is canceled by the construction of F c ^Q M {rj). Moreover we obtain 

(2 

► L-value. — First note that the Galois character ?? gal \p CM (j) corresponds to the ideal 

character (see the paragraphs before Theorem 12.151) . Here we define <^> _1 (21) 

for a fractional ideal 21 of F by 0 _1 (A/p/F+2t). The grofiencharacter rj is ramified at every 
prime ideal £ dividing £ since £ is by definition the prime-to-p part of the conductor of r/, 
and hence the local term 1 — at such £ equals 1. By comparing the Dirichlet 

series expressions, we can readily check that the L-value L(?7*A7 _J p> _1 ,0) exactly equals 
L(d{rf), cj)^ 1 ,j) by the construction of the theta lift. For each place p of F + lying above p, 
the local factor of L($(p), (j) -1 , j) at p is given by 

Lp (i%),0,j) = {1 - +r]*(px F )^* F/F+ ^ 2 (p)Up^ 2:, }~ 1 

= (i - - p^-^rxAAPT'r 1 


.17) 


1 


Wjt+Vj 


n 


CM,oo 


r\K*H,2 Kfi, 1 

“CM.oo 


(-27tV z T)I k m,2| 


(—I2 C M,oo) K ' i ’ 2 (—^CM,oo) * M ’ 1 


for p = ipfp c with ip in £ p . Therefore the equality 

(i - &j) = (i - rt-'twr 1 

holds and the right hand side of this equation is no other than the local component at p 
of the L-value L( , &(r]) p ' st , (j), j) by the definition of the p-stabilisation of i?(p). Finally we 
obtain by the definition of the dual grofiencharacter an equation 

0(p)A7*p7-! 


i - (pw^- 1 ) (r) = 


1 - 


1 




when (f) is unramified at 'P, 
otherwise 


for each ip in £ p (recall that rpAA - -? is unramified at ip due to the assumption (unr^+)), 
and it coincides with the p-adic multiplier H p (i?(p) p ' st ; </>, j) when p = A/p/p+ip does not 
divide the conductor £(</>) of </>. Consequently we have 
(2.18) 

n(i -^f 1 ^)) n {(i -rfN-irHwm - (v*M- i r 1 )\ f P c ))}L(v*M~ i <l>- 1 ,0) 

= n 

Pl 

► Loca( e-factor at p. — Recall that for each ip in £ p and p = ip*p c , we obtain a specified 
identification 


(2.19) x F+,p r F,<p 

induced by r p (x) i->- 0 vp(x) for each element x of tp+, where cr<p: F (Q) denotes a unique 
embedding contained in £ such that i p o <r<p induces ip, and t p denotes the restriction of 
cr<p to F + . Then (2<5)<p = <7<p(2<5) corresponds to a unique element (2<5) p of r^ + under 
the identification (12.191) . We define zu p as an element of t F + p corresponding to the fixed 
uniformiser of F<p via (12.191) . which is a uniformiser of F p + . 

Note that the idelic character corresponding to r/ gal Xp, C yc0 is p|-| ^ where |-|a f 

denotes the idelic norm character on F (see Example 12. II for details). Here we use the same 
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symbol cj) 1 for the idelic character corresponding to the ideal character 0 1 by abuse of 
notation. Since is unramified at each place ^ in by virtue of the assumption 

(unrp+), the exponent e(<}3) of ip G in the conductor of ??|‘Ia f 0 -1 exactly equals the 
exponent of p = c in the conductor of 0, which we denote by e^(p). By using these 
facts, we calculate the local e-factor VF p (ry|-|^ 0 -1 ) in the following. For each fp in £ p , set 

=Ny- e * {p) {r) Mi F ^ 1 )q3(^ e0(P) ) (v\-\i F ^~ 1 h(x)e v (^ e ^' p \25)^ 1 x). 

ze(t F + iP /p^ (p) ) x 

Then W p (r/|-|^^) _1 ) obviously equals the product rLpes VFp(7y|-|^ F 0 _1 ). Note also that 
when e^(p) equals 0, or in other words, when cj) does not ramify at p, the local term 
WipfoHLO *P is trivia by its definition. 

Now assume that <f> is ramified at p = < p $ p c . Then by direct computation, we have 

= A(A r i) p ' st A,Mp( w p ,l,{v) )- 

Next let us take an element a of F + satisfying a p = zu p d '^ for each p of F + lying above 
p. Note that ( r /H'A F ) , p( x ) is trivial for each *p in T, p and an arbitrary element x in by 
virtue of the assumption (unr F +). By using this, we can calculate as 

0p(^ (P) ) (v\-\i F ( l ) ~ 1 h(x)e^{w^ e{V \25A 1 x) 

x £{*F,<) p /?P e ( ! P)) x 

( , =M™ ’p*®) ( l ) p 1 (x)e p (wp^ {v) (25)- 1 x) 

= ^ 1 ((-2^)p) ( Pp 1 (xa~ 1 )e p (-xa~ 1 ) 

xe ( r F+, p /p e<j!,(P) ) X 


In the third equality we change the variable of the summation using the fact that the 
correspondance x i-A x{—25) p induces an automorphism of (tF+ jP /p e ^ p )) x . Since 26 is a 
p-adic unit, the evaluation of the p-adic avatar of the norm character |-|a f+ at the idele 
of F + defined as (25) P r F+ = ((2c)) p ) p |p r ^ + is calculated as n<pgs p ^(25)^^, which coin¬ 
cides with (—1 ) d d = (—l) d Xcyc,p("j)- This implies that the idele (— 26) VXp+ corresponds 
to the element zj of Gal(F + (p p oo)/ir + ) via the reciprocity map in global class field the¬ 
ory. In particular, the product n p | P r F+ ^ ) P " 1 ((—25) p ) coincides with <j>(zj). Note that, by 
the definition of the ideal characters corresponding to the groBencharacters, the equality 
ri p |pr F+ 0p" 1 (( XQ:_1 )p) = 4>{xa~ 1 x F +) holds for an arbitrary element x in F + relatively 
prime to p. Taking the product of (12.201) over prime ideals p of tp+ lying above p, we 
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obtain the equality 

II 0iT 1 (( -2<S )p) ^2 ^ 1 (xa“ 1 )e p (-sa“ 1 ) 

Pi p * f + xe(t F+iP /p^ (p) ) x 

= (j>( z j) *22 (f>(xa~ 1 x F +) exp(27r\££lTr F + / /Q(xcC 1 )), 

x ^(x f+ /£(4>)) x 

and the last term is no other than the product of 0(zj) and the Gaussian sum G((j>) defined 
as (12.1311 under the isomorphism 

(£((/>)~ 1 /tp+) x -4 (r F +/£(4>)) x ■, x i->- ax. 


Consequently we obtain 

(2.21) wM\i r r 1 )= n /■) = «#(*) n A pWvr*:*J)- 

qJeSp p|pt F+ ,p|<r(</>) 

► Other coefficients. — One calculates as 

(_ l)^d( 2v r)hdr E ( U ; i t + r i ) 


= 4+: 


( 2 . 22 ) 


= (r x : r 


y/\D F + |Im(25) r J 

(_l)2j-[^](_ 27r y3i)l^.2-ilr(jt - k^i) 


F ' F+ V\D^T\{-25)w~ jt 


(-l)^(t* : r^ + )(-27ry^I)l^l(-2^ t 


(-27r v /3 iy d 


v1^4(- 2 4^ 2 


Combining all the equations (I2.16P , (12.171) , (12.181) , (|2.2ip and (12.221) , we obtain the desired 


interpolation formula ([2.151) of the p-adic measure ( r ?) 


□ 


As in Section 12.2.21 we identify the archimedean part of Cl^ + (p 00 tF+) with {±1}^+, 
and denote by w T for each r in I F + the element of the archimedean part of Cl^ + (p°°tp+) 
such that only its r-component equals to —1. Set e± = (l±w T )/2 and define an idempotent 
e e of 0[[Cl+ + (p°°r F +)]] by 

e e = n 4 T 

T^I p-\- 

for each e = (e T ) Te / F+ in {±1}^+; then for a ray class character (f>\ Cl^ + (p°°r F +) —>• C x 
of finite order, we have 


4>(e e ) 


1 when e coincides with sgn(r/>), 
0 otherwise. 


By abuse of notation, we also use the same notation e e for the image of e € under the 
composite map 

0[[Cl+ + (p°°t F+ )]] 0[[GaI(F p + tF+ /F+)]] -» 0[[Gal(F + ( M ^)/F+))]]. 

Then, by comparing the interpolation formulae (12.141) and (12.151) . we obtain the following 
equality holds between the two different p-adic L-functions £' y c M ( J l) and £p ye ($(?7)) 711 
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a ur [[Gal(F+(^)/F+)]]: 


^/cmC 7 ?) — 


E 




e€{±l}VH 


(—^CM,oo) Km ’ 2 (—^CM,oo) ' W 




In particular we obtain the main result of the analytic part: 

Corollary 2.25 (Theorem^. The p-adic measure F. c jQ M (rj) a nonzero constant multiple 
of the cyclotomic p-adic zeta function £ p yc ( $(t])) associated to id(r}) in each component of 
the semilocal Iwasawa algebra O ur [[Gal(F + (// p oo)/F + )]], and each of the two p-adic In¬ 
junctions generates the same ideal in 0 ur [[Gal(.F + (p poo )/F + )]] 

It is widely believed that Corollary 12.251 holds even in 0 ur [[Gal(L + (ppoo)/.F + )]] (or in 
other words, F c ^Q M (rj) and £ p yc (i?(r/)) have “the same p- invariants”), and this speculation 
leads us to make a conjecture on the ratio of two complex periods constructed in completely 
different manners. 


Conjecture 2.26. The ratio of the complex periods 

(—riCM.oo)^’ 2 (-flcM.oo) -14 ''’ 1 

is a p-adic unit for an arbitrary element e in {±1}G+ with respect to the fixed embedding 
: Q Q p . 

Remark 2.27. In the case where F + is the rational number field Q (elliptic modular cases), 
the second-named author and Prasanna have obtained a partial result to this conjecture (see 
m Theorem 6.1]) using the nonvanishing modulo p of special values of the L-functions as¬ 
sociated to elliptic cuspform (due to Stevens [St85 , Theorem 2.1] and Ash-Stevens [I AS86] ) 
and the modular parametrisation of an elliptic curve with complex multiplication. How¬ 
ever,the nonvanishing modulo p of special values of the L-functions has not been gener¬ 
alised to general Hilbert modular cuspforms yet, and there seems to be no generalisation 
of the theory of modular parametrisation to Hilbert-Blumenthal modular varieties. Hence 
it seems difficult to generalise the proof of !QB Theorem 6.1] to general Hilbert modular 
cases at the present. 


3. The algebraic side 

We establish algebraic parts of our main results and apply them to the Iwasawa main 
conjecture for Hilbert modular cuspforms with complex multiplication in this section. We 
first introduce the Selmer groups associated to nearly p-ordinary Hilbert cuspforms with 
complex multiplication, and compare them with the Iwasawa module obtained as a certain 
Galois group Ga /K™) (Section 13.11) . Then we verify the (exact) control theorem 
(Theorem 13.1811 which describes the behaviour of the (multi-variable) Selmer groups un¬ 
der specialisation procedures (Section 13.211 . We finally discuss the almost divisibility of 
the strict Selmer groups and basechange compatibility of the characteristic ideals of their 
Pontrjagin duals (Sections 13.31 and 13.411 . As an application, we discuss the validity of the 
cyclotomic Iwasawa main conjecture for Hilbert modular cuspforms with complex multi¬ 
plication (Section 13.51) . 
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3.1. Selmer groups. This subsection is devoted to the definition of various Selrner groups 
and the comparison among them. In Section 13.1.21 we first recall the general definition of 
Selmer groups Sel^ associated to deformations of Galois representations after Greenberg 
("Definition 13.ID . and then define the Selmer group Sel^cyc by applying this general recipe 

to the cyclotomic deformation APJ C of the Galois representation A C J C associated to a nearly 
p-ordinary Hilbert eigencuspform /. When the Hilbert cuspform / has complex multipli¬ 
cation, or in other words, when / is represented as (the p-stabilisation of) the theta lift 
7 ?(p) of a groBencharacter rj of type (Ho) defined on a certain totally imaginary quadratic 
extension F of F + , we identify Sel^cyc with the Selmer group Sel^cyc associated to the cy¬ 
clotomic deformation of r/ defined with respect to a fixed CM type £ of F (see Lemma [3.511 . 
In Section 13.1.41 we introduce the (multi-variable) Selmer group Sel^ C M associated to the 

deformation of p along the field extension F^/F, and prove in Proposition 13.161 that the 
characteristic ideal of the Pontrjagin dual of Sel^ C M coincides with (a certain twist of) the 
characteristic ideal of the -(/’-isotypic quotient ^ of the Iwasawa module Xv p defined 
in a classical way (here ip denotes a branch character associated to p; see Lemma 13.71 for 
details on the branch character ip). 

3.1.1. General definition. We first recall the general notion of Selmer groups for deforma¬ 
tions of Galois representations, which is introduced by Ralph Greenberg }Gr94[ Sections 3 
and 4], 

Let 7Z be a complete, noetherian semilocal ring of characteristic 0, and suppose that the 
residue field 7Z/9JX of 1Z is a finite field of characteristic p for each maximal ideal 9J1 of 1Z. 
Let K be a number field and T a free Tvl-module of finite rank on which the absolute Galois 
group Gk of K acts continuously and 7^,-linearly. We impose the following constraint on 
the Tvl-linear G|<-representation T: 

the Galois action on T is unramified outside a finite set S of places of K 

which contains all the places lying above p and all the archimedean places. 

Then the action of Gk on T factors through the Galois group Gal(Kg/K) of the maximal 
Galois extension Kg over K which is unramified outside the places of S. For each prime 
ideal p of K lying above p, we specify an 7£-direct summand Fil^T of T which is stable 
under the action of the decomposition group D p of Gk at p. In many cases, there exists 
a canonical (and unique) choice of such a direct summand Fil^T for each p. If the Galois 
representation T is ordinary (or nearly ordinary ) at each place p above p, for example, 
there exists a canonical direct summand Fil^T of T induced from what is called the 
ordinary filtration at each p. In Section 13.3.21 we shall introduce more general notion of 
local conditions concerning the definition of Selmer groups. We denote the Pontrjagin 
dual Hom cts (7vl, Q p /Z p ) of 7Z by 7Z w . Now consider the discrete 77.-module A defined as 
A = T ®ti7Z v . The absolute Galois group Gk acts on A via the first factor and we regard 
A as a discrete "/^-linear Galois representation of Gal(Kg/K). Note that A is equipped with 
the specified direct summand Fil+M at each place p above p which is induced from the 
specification of direct summands of T; namely, Fil^M is defined as Fil+T 7Z V . 

Definition 3.1 (Greenberg’s Selmer group). The ( Greenberg’s) Selmer group Sel .4 associ¬ 
ated to A is defined as the kernel of the global-to-local morphism 

H\K S /K,A) —► H H\I X ,A ) x H\l p , A/Fil+A) 

Aes peS 
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induced by the restriction maps of Galois cohomology groups. Here I v denotes the inertia 
subgroup of the absolute Galois group G « at each finite place v of K. 

3.1.2. Selmer groups for cyclotomic deformations. Let us recall the following theorem 
which is due to many people including Ohta }Qh83j . Carayol [Ca86| . Wiles jWi88j . Taylor 
|Tay89[ and Blasius and Rogawski [ BlRo94j . We quote |Wi881 Theorem 1,2] for nearly 
ordinary situations as follows: 

Theorem 3.2. Let f be a nearly p-ordinary normalised eigencuspform defined on a totally 
real number field F + satisfying ( unr ), which is of cohomological weight n, level 91 and 
nebentypus e. Let 1C be a finite extension of Q p containing the Hecke field Q f of f and O 
the ring of integers of 1C. 

Then there exists a 2-dimensional Galois representation Vf of G F + with coefficients in 
1C with the following properties: 

(1) For every prime ideal q which does not divide p91, the following equation holds. 

det(l — ProbqX; V f ) = 1 - 0(q; f)X + Nqe + {(\)X 2 

(2) For each place p of F + lying above p, we have a D p -stable IC-subspace FiR Vf C Vf 
of dimension one on which the action of D p is unramified. 

The Galois representation Vf of G F + is called the Galois representation associated to f. 
We define S + as a finite set of places of F + consisting of all the archimedean places and 
all the finite places dividing pDl. Then the action of G F + on Vf factors through the quotient 
Gal(F^" + /F + ) of G f +. Let A c ^ c denote the Iwasawa algebra 0[[Gal(F + (/i p oo)/F+)]] over 
O. Note that A^] c satisfies all the conditions which we have imposed on the coefficient ring 
71 of a general Galois representation in 13. 1.11 For a G F + -stable 0-lattice Tf of Vf (that is, 
a G f + -stable 0-submodule of Vf satisfying Tf ®q 1C = Vf), set 

7] yc = T f ®o Ao yc,# 

and let G F + act on Tji yc diagonally (refer to Notation in Introduction on the superscript 
0). The G F s ~—module Tj yc is called the cyclotomic deformation ofTf. For each place p of 
F + lying above p, we define Fil(J"Tj? yc as 

Fil+T^ = Fil +T f ®o A C J C ’“ 

equipped with the diagonal action of G F + (here we define Fil+Ty as the intersection of Tf 
and Fil +V f ). 

Definition 3.3 (Selmer group Sel^cyc). The Selmer group Sel^cyc associated to the cyclo¬ 
tomic deformation of f is the Selmer group defined as in Definition 13.11 for the discrete 
A^-linear G F + -representation A C J C = Tj yc ®{^y c A§] c ’ v . 

Note that Sel^cyc does depend on the choice of G F + -stable 0-lattices Tf. When Vf is 
residually irreducible, the Gp+-stable 0-lattice Tf is uniquely determined up to isomor¬ 
phisms, and hence the Selmer group Sel^yc is also uniquely determined up to isomorphisms 

(independently of the choice of Tf ). 
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3.1.3. Cyclotomic deformations of Hilbert modular cuspforms with complex multiplication. 
From now on let us assume that f is a nearly p-ordinary p-stabilised newform with complex 
multiplication. Then by definition there exist a totally imaginary quadratic extension F of 
F + satisfying the ordinarity condition (ordp/p+) an< l a grbfiencharacter rj of type (Ao) on 
F such that / is represented as the p-stabilisation d(ij) p ~ st of the theta lift $( 77 ) of 77 (see 
Proposition 12.131) . Since Hecke eigenvalues of d(r]) p ~ st coincide with those of 19 ( 77 ) away from 
prime ideals lying above p, the Galois representation associated to i9(?7) p_st is isomorphic 
to the Galois representation Vm^ associated to d{rj) by virtue of Cebotarev’s density 
theorem. We shall recall in Appendix 1X1 that the Galois representation associated to 

$( 77 ) is isomorphic to the induced representation Indp + /C(? 7 gal ) of the one-dimensional Gf- 
representation /C(? 7 gal ), and hence there is a canonical Crp+-stable 0 -lattice of V^y. namely 

lnd^ + 0(r/ gal ). We thus adopt Indp + 0 (i 7 gal ) as the lattice used in the construction 

of the Selmer group. The ordinary filtration Fil+T^) at p above p is then identified with 
0(r? ga V) where ip is a unique element of E p which lies above p. 

We here introduce another Selmer group Sel^jcyc associated to a groBencharacter 7 / of the 
CM number field F. The restriction of the action of Gal(F(p p °o) / F) on F(p p 00 ) to F + (p, p 0 °) 
induces an isomorphism between Gal(F(p p oo)/T) and Gal(F + (fj ip °o)/F + ), which enables 
us to identify the Iwasawa algebra 0[[Gal(F(p p °o) / F)]] of Gal (F(p poo )/F) with A^ c := 
0[[Gal(i ?+ (/7 p oo)/F 1+ )]] in a canonical manner. Now consider the cyclotomic deformation 
o/77 gal 

T p yc = 0(i? gal ) <8>o A cycA 

equipped with the H-p-stable filtration Filp7^ yc for each prime ideal V of F lying above p 
defined by 


(3.1) 


Fil+77 c 


7^ yc if V is contained in E p , 
0 otherwise. 


As usual we let Gf act diagonally on 7ff yc . Let S denote the set of places of F lying above 
those of F + in S + . Then one readily observes that the diagonal action of Gf on 7fj yc 
factors through the quotient Ga \(Fs/F) of Gf- 


Definition 3.4 (Selmer group Sel^cyc). The Selmer group Sel^cyc associated to the cyclo¬ 
tomic deformation A C q C of 77 gal (with respect to the p-ordinary CM type E) is the Selmer 
group in the sense of Definition 13.11 constructed for the discrete Gp-representation A 
defined as T p >c <8>Ag' c A§) c,v . 

Then one easily sees that the Selmer groups defined in Definitions 13.31 and 13.41 coincide; 
namely, 


Lemma 3.5. The Selmer group Sel^yc^ associated to the cyclotomic deformation A^f c of 
$( 77 ) is isomorphic to the Selmer group Sel^cyc as a A^ c -module. 

Proof. This is a direct consequence of Shapiro’s Lemma. Indeed we may identify 

with the induced representation Ind^ + M)) yc of Arf c by construction (under the canonical 
identification 0[[Ga\(F(gL p °°) / F)]] —7- A c ^ c := 0[[Gal(F + (p p °o)/.F + )]]), and we therefore 
obtain the following isomorphisms by virtue of (generalised) Shapiro’s lemma (see 
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Proposition B.2] for details): 

H\F+JF+,AJ^) “ H\F S /F,A™), 

^(Ic, A l p yc )t Ffl: F| 1 for every ( in S which does not divide poo 

£|[ 

where and F[ denote the residue fields r p/2, and x F +/l respectively. Moreover, at each 
place p of F + lying above p, we obtain the equality: 

ff^.^/Fil + A C ^ } ) = H\l V) 0{r,^ l \ D ^)® 0 Ao yc,# ®a 0 A C J C ’ V ) = H\l^A c ] c ), 
where pti? = < p s |? c with ip in E p and *p c in E p . Hence Sel^cyc^ is canonically identified with 
the kernel of the global-to-local map 

H\Fs/F,A<? c )^ If H\I w ,A c J% 

wgS\S p 


which is none other than the Selmer group Sel^cyc by Definition 13.41 


□ 


3.1.4. Selmer groups associated to CM fields and Iwasawa modules of classical type. Recall 
F 0 o = F{p p ) introduced at basic notations given before Theorem A of Introduction. We 
first define the multi-variable Selmer group Sel^ C M over A§ M := ©[[Gap-Foo/F)]] similarly 

as the Selmer group Sel^c yc over A^ c . We set T/fi M = 0(r/ gal ) ®o A^ M,t) and equip it with 
the diagonal G^-action. 

Definition 3.6 (Selmer group ScI^cm)- The Selmer group Sel^ C M associated to the de¬ 
formation Ay M of p gal along the extension F^/F (with respect to the p-ordinary CM 
type E) is the Selmer group defined as in Definition 13. II for the discrete (^^-representation 
.4™ = T™ ® Ao Ag“’ v • 

In the rest of this subsection we relates the Selmer group Sel^ C M with a certain Iwasawa 
module X-£ p ^ defined in a classical manner by means of the notion of a branch character 
associated to p. 


Lemma 3.7. Let p be a grofiencharacter of type (Ao) on F. Then there exists a p-adic 
Galois character if: G F —> Q p of finite order such that p gal if~ l : G F -A Q p factors through 
the quotient Gsl{F 00 /F) of G F . Furthermore we may choose such a character if so that 
the composite field of F(p p ) and is abelian over F and linearly disjoint from F over 
F, where Kp denotes the field corresponding to the kernel of if. 

Proof. Let us construct a character if satisfying the desired properties. First note that the 
continuous character p gal factors through the Galois group GapFgv^poo /F) of the ray class 
field Ftr^p oo modulo £(p)p°° over F (recall that £( 77 ) denotes the conductor of rf). Let 
A' denote the maximal torsion subgroup of Gal(F^ v y p00 /F), which is known to be finite. 
Then the subfield of F £ ( p ) p 00 corresponding to A 7 coincides with F by definition, and we 
obtain the exact sequence of abelian groups 

(3.2) 0 —>• A 7 —)• Gal(F c(p)p oo /F) -A Gal(F/F) -A 0. 

This short exact sequence splits since the Galois group Gal(F /F) is a free Z p -module of rank 
d-\-l-\-6 Ft p by definition. Now we take an arbitrary section s: Gal (F/F) -A- Gal(F C (, ; ) p 00 /F) 
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and denotes by K' the intermediate field of F^r v \ p oo/F corresponding to s(Gal(F/F)). By 
construction Ga\(K' / F) is isomorphic to Ah We then define ip as the composition 

ip: G f -» Gal (K’/F) =* A' Q*. 

By construction, it is obvious that rj g&l ip~ l : Gf —> Q p factors through Ga^Foo/F) and 
that K^ is contained in K'. 

Since the short exact sequence (13.211 splits, the fields K' and F are linearly disjoint over 
F. Furthermore since [F(p p ) : F] is prime to p, the Galois group Gal(F(/i p )/F) should 
be contained in the torsion part Gal(K'/F) of Gal(i ? ( r( r? ) p oo/i ? ), and therefore the field K' 
contains F(p p ). The composite held of F(p p ) and K^, which is a subheld of K', is thus 
abelian over F and linearly disjoint from F over F. □ 

Definition 3.8 (branch character). Let r/ be a grofiencharacter of type (Ao) on F. We call 
a character ip: Gf —>• Q p of finite order satisfying the assertions proposed in Lemma 13.71 a 
branch character associated to rj. 

We denote by K the composite held of F{p p ) and K^, and by K™ the composite 
held of K and F^ as in Introduction. We set A = Gal(AyF), A cyc = Gal (F(p p )/F) 
and r = Gal(F/F). The cardinality of A is then the product of the order of ip and the 
extension degree [AT : K^\ of AT over K.^. Note that [AT : K^\ is relatively prime to p since 
it divides p — 1. 

Now let us consider the following commutative diagram with exact rows and columns: 


(3.3) 




inf 


w£S\Ep 


Inf 


Sel jcm 

' Al 77 


H\F S /F,A™) 


■ n H\I F , W ,A™) 

w^S\E p 


Res 


0-^ Ker {<Pf s/k ) -- H'(F s /K, A™) a n II A™) 

w£S\T,pw\w 


H 2 {A,(A™) G «) 


where (Pf s /k denotes the global-to-local map induced from the restriction morphisms. The 
rows are exact by definition. The middle column of the diagram (13.311 is induced from the 
inflation-restriction exact sequences associated to the short exact sequence 


1- Ga\(F s /K) -- Gal(F s /F)-- A-- 1 


of abelian groups. 

The map Res in the right column is induced from restriction maps, and the exactness 
of the right column is also deduced from the inflation-restriction exact sequence. More 
precisely, we define the map Res = (Res ) w ^s\T, p i n the following manner. First we choose 
and fix a decomposition group Dp lW of Gal(Fs/F) for each place w in S \ S p . We always 
consider the inertia subgroup Ip >w of Gal(F 5 /F) to be contained in the fixed decomposition 
group Df, w at such a place w. There exists a unique place wq of AT lying above w which is 
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fixed under the action of Dp, w - We identify the intersection of Dp, w and Gal(Fs/K) (resp. 
the intersection of If, w and Gal (Fs/K)) with the decomposition group Dk,w 0 (resp. the 
inertia subgroup Ik, wo ) °f Gal (Fs/K) at wq. We identify the quotient group If,w/Ik,w 0 
with the inertia subgroup Ik/f,w of A = Gal (K/F) at w (note that the inertia subgroup of 
A at w is well defined since A is abelian). For each place w of K lying above w, we also fix 
the decomposition group Dk,w of Gal (Fs/K) (and denote its inertia subgroup by Ik,w), 
and choose an element am of Gal (Fs/F) so that amlF,w&m} contains Ik,w- Then the map 
Res™ is defined as the composition 

Res™: H\I f , w ,A™) H\l F , w , A™) ^4 ]J A™) JJ H\l K ^,A GM ), 

w\w w\w w\w 

where the first map is the diagonal map, the second one is an isomorphism induced by 
the conjugation with respect to (am)m\ w , an d the last map is the usual (componentwise) 
restriction map. It is easy to observe that the kernel of Res™ coincides with the kernel of 
the restriction map H 1 (Ip, w , ^ GM ) —> H 1 (Ik,w 0 , -A^ M ), and hence the right column of the 
diagram is also exact. 

Under these settings we shall compare the Selmer group Sel^cyc with Ker (4>f s /k)- 

Remark 3.9. Since all the cohomology groups H 1 (A, (A gm ) Gk ), H 2 (A, (A gm ) Gk ) and 
HHl K /F,un (A™) 1 *’**) are p-torsion modules annihilated by the cardinality of A, all of 
them vanish when the order of if is relatively prime to p (recall that [K : K^\ is not divisible 
by p). In this case one may immediately conclude that Sel^ C M is isomorphic to Ker (4>f s /k) 
by applying the snake lemma to (13.31) . 

Lemma 3.10. The module (A gm ) Gk is a copseudonull -module] that is, its Pontrjagin 
dual is a pseudonull A ^-module. In particular, the cohomology group H l (A, (A gm ) Gk ) 
is copseudonull as a A ^-module for i = 1,2. 

Proof. Since Gk is a subgroup of Gf of finite index, its image & under the natural surjec¬ 
tion Gf -» Gal(F 00 /F) is also a subgroup of Gal(Foo/F) of finite index. Moreover since 
the free part Gal(F/F) of Ga l^F^/F) is isomorphic to Z p +1+Sp ’ p , we may choose a basis 
{ 71 ,..., 7 ,i + 1 +( 5 Fp } of Gal(F/F) so that { 7 ^ ,..., 7 ^ +1+(5f } forms a basis of the free part 

of C5 for certain nonnegative integers e±,..., ed+i+s Fp (due to elementary divisor theory). 
The Pontrjagin dual of ( A gm ) Gk is then isomorphic to a certain quotient of A^ M /J, where 
J is the ideal of A§ M generated by 7 gal ( 7 j J )'Yj J \ F — 1 for 1 < j < d + 1 + Sf, p - Let w 
denote a uniformiser of O. Then the A^ M -module A^, M /(-o 7 A^ M + J) is clearly finite, which 
implies that the height of J is greater than or equal to d + 1 + 5 F , P (recall that the Krull 
dimension of A^ M is d+‘l + S F ^ p ). The Pontrjagin dual of ( A gm ) Gk is obviously annihilated 
by J, and it is thus pseudonull as a A^-module since d is a positive integer. □ 

Lemma 3.11. The local cohomology group H 1 (I K / Fpn ,(A GM ) lK ’' a o) is copseudonull as a 
module over A^ M for each place w of F in S \ E p . 

Proof. First we assume that w is a place of F contained in YTf. We shall prove that 
{A gm ) Ik ’ <l ’ 0 is copseudonull as a A^ M -module, which immediately implies the desired con¬ 
clusion on the local cohomology group at w. Since K is a finite extension of F and w 
is totally ramified in the cyclotomic extension F(p poo )/F Gu pm w ) for 3. certain nonnegative 
integer m w , the image of Ik,w 0 in Gal(F(/i p oo)/F) is infinite. We take an element x of 

Ik, w 0 whose image in GaI(F(n p <x>)/F) is of infinite order. Let F^/F be the composite of 
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all Zp-extensions over F unramified outside w, and take an element y of Ik, wo whose image 
in Ga \(F^/F) is of infinite order. Comparing the ramification at w, one readily sees that 
F Gu pOO ) and F^ are linearly disjoint over F. The Pontrjagin dual of o is then 

isomorphic to a certain quotient of Aq^/J w , where J w is an ideal of A^ M generated by 
y gai (x)x\ F — 1 and y gal {y)y\ F — 1. Furthermore the linear disjointness of F(fi p «=) and 

F^ over F implies that i/ gal (x)x\ F — 1 and rj sal (y)y \ F — 1 forms a regular sequence in 
A§ m . The height of J w , which is contained in the annihilator ideal of {A p M ) lK ’’ a , thus 
equals two, and hence {A ^ m ) Ik ^o is copseudonull as a A^ M -module. 

Next assume that w is a place of F contained in S but not lying above p, and let I 
denote the residue characteristic at w. The inertia subgroup Ir,w 0 ac t s on trivially 
because F^/F is unramified at w. 

The definition of the branch character ip implies that y gal ip~ l is ramified only at places 
lying above p. Hence K is unramified outside p over the field K,p corresponding to the 
kernel of ip, and the inertia subgroup I k/f.w of Ga \{K/F) at w is naturally regarded as 
that of Ga l(K^/F). Under this identification the inertia subgroup I f /f,w acts on A p M via 

the composition I k/f.w ^ Gal(K^,/F) —A O x . 

We shall prove that H l [I F / Fw ,A p M ) is trivial. When w is unramified in the finite 
abelian extension K/F , the inertia subgroup Ik/f,w is trivial and there is nothing to 
prove in this case. Hence we assume that w is ramified in K/F. The restriction of ip 
to Ik/f,w i s then not trivial since ip: Gal (K^/F) —>• Q X is injective by definition. Let 
I'k/Fw USylow subgroup (the wild part) of Ik/f,w and 1\/ Fw tame quotient 

i k/f,w/ I k/f,w of i k/f,w Note that the cohomology group H 1 {I™ / Fw , A™) is trivial 
because it is annihilated by the cardinality of I F / Fw , which A relatively prime to p. By 
the inflation-restriction exact sequence 


0 -A H\I' k/Fw , (A™) 1 */^) -a H\I k/f , w ,A™) -a H\l% /Fw ,A™f«/^ 
combined with the triviality of H 1 (I F , Fw ,A p u ), we can identify H l {I K / Fw , A p M ) with 
H 1 {Ik/ Fw ,{A^ m ) Ik / f < w ). Therefore it suffices to verify that H 1 (I^ ( ^ Fw , (A p m ) Ik / f ’ w ) is 
trivial in order to prove the vanishing of H 1 {I K / F , A p M ). 

If the action of I F / Fw on is not trivial, there exists an element z of I F / Fw such 

that ip gal (z) — 1 does not equal zero. Since ip gal (z) is a nontrivial Gpower root of unity in 
O, we easily see that ip gal (z) — 1 is a nontrivial unit of O. 

By definition K / F < w is annihilated by the unit ip gal (z) — 1 of O, and hence it 

is trivial. This obviously implies the triviality of H 1 (I t R y Fw , ( A ( /j M ) lK / F ’ w ). If Ik/ f>w acts 
trivially on the nontriviality of the action of I f /f,w on implies that the the tame 

quotient I t K / Fw acts nontrivially on A p M . In other words, if we denote a generator of the 
cyclic group I t K / Fw by z ', ip gal (z') — 1 is a nonzero element of A§ M . The first cohomology 
group H 1 (I t K , Fw ,A p M ) of the finite cyclic group I t K / Fw is described as A p M /(ip gal (z') — 
and we thus deduce its triviality from the divisibility of A/j M as a A§ M -module. □ 


The diagram (13.31) combined with Lemmata 13.101 and 13.111 implies that both the kernel 
and the cokernel of the natural map Sel^ C M —> Ker (<P Fs /k) are copseudonull A^-rnodules. 

In particular, the characteristic ideals of Pontrjagin duals of these A^-modules coincide 
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with each other. Now we investigate the kernel of 4>f s /k more precisely, by generalising 
Greenberg’s arguments made around the equation (7) in |Gr94| to multi-variable cases. 
For this purpose we prepare the following technical lemma. 

Lemma 3.12. Let Q be a profinite group and p: Q —>• O x a continuous character, where 
O denotes the ring of integers of a finite extension of Q p . We denote by T p a continuous 
g-representation 0{p) <g>e> 0[[r]]t* equipped with the diagonal action of Q, and by A p its 
associated discrete G-representation defined by T p <8>o[[r]] 0[[r]] v . 

Suppose that G admits a free abelian pro-p quotient T of finite Z p -rank and that the 
kernel of the natural surjection G -» T is contained in the kernel of p. 

Then for an arbitrary free pro-p subgroup T' ofT, the first cohomology group H 1 ( T', A p ) 
is trivial. 

Note that, in the statement of Lemma 13.121 the free abelian quotient T naturally acts 
on A p thanks to the assumption on the kernel of p. 

Proof. We verify the claim by induction on the Z p -rank n of T'. First consider the case 
where n equals 1 . Then if we choose an element 7 of G so that its image 7 in F topo¬ 
logically generates T', the first cohomology group H l (T',A P ) is described as the quotient 
A p /(p( 7)7 — 1 )A p . Therefore the claim holds since A p is a divisible 0[[r]]-module and 
p( 7)7 — 1 is a nonzero element of C?[[r]]. 

For general n, let us choose an arbitrary free pro-p subgroup T" of T' of Z p -rank n — 1, 
and consider the inflation-restriction exact sequence 

(3.4) 0 -^ H\T'/T",A r p ") - H 1 (T , ,A P ) -^ H l (T", A p ) r '/ T " . 

The induction hypothesis implies the triviality of H l (T",A P ). We readily see that the 
cohomology group H l (T'/T", A l f ") is also trivial; indeed, since the F^-coinvariant ( T p )r" 
of T p is isomorphic to 0[[r/T"]] as an 0[[r/r"]]-module, its Pontrjagin dual A l p ” is a 
divisible 0[[r/r"]]-module. Therefore i7 1 (r , /r ,/ , A^”) vanishes by the same reason as the 
case where n equals 1. Consequently the exact sequence (13.41) implies that the cohomology 
group H l (T',A P ) is also trivial . □ 

Applying Lemma l3.12l to both the source and the target of the local-to-global morphism 
4>f s /Ki we obtain the following corollaries. 

Corollary 3.13. The restriction map induces an isomorphism between H 1 (Fs/K,A p M ) 
and H\F s /K™,A™f. 

Here we identify T = Ga \(F/F) with the Galois group Ga^A'^/A') in the canonical 
manner. 

Proof. Due to the inflation-restriction exact sequence 

0-- H\f ,A™) -- H\F S /K,A™) -^ H\F S /K™, A™f -- H 2 (f ,A™) , 

it suffices to show that FP(r,„4^ M ) is trivial for i = 1,2 (note that Gal(As/ K™) acts triv¬ 
ially on „4^ m ). The first cohomology vanishes by a direct consequence of Lemma [3.121 The 

second cohomology vanishes since T is a free abelian pro-p group and thus its cohomological 
dimension is equal to or less than 1. This completes the proof. □ 
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Corollary 3.14. Let w be a place of A contained in S\T, p . Then for each place w of K 
lying above w, the restriction morphism 

(3.5) H\I K ^A™) -+ [] H\l RgM ^A c n M ) 

w\w 

is injective (here I FcM - denotes the inertia subgroup of G&l(Fs/K™) at w). 

Proof. By the inflation-restriction exact sequence, we see that the kernel of the restriction 
map (13.51) is isomorphic to /K) w , A p M ), where we denotes by I(K™ / I\) w the 

inertia subgroup of Gal(A^ M //^) at w. Since I(K™/K) W is regarded as a Z p -submodule 
of the free Z p -module T = Gal(R)^ M /A') of finite rank, it is also free as a Z p -module. 
Applying Lemma 13.121 to Fd l {I(K™/I\ )^, *4. p M ), we conclude that it is trivial. □ 

Corollaries 13.131 and 13.141 imply that the kernel of 4>f s /k is isomorphic to that of 

H\F S /Kg M ,A™) A » f ^ n n 

w£S\Y,p w\w 

or in other words, the kernel of the restriction map 

f> Fs/R cM : Hom AxF (Gal(A 5 //?CM ) ab ) ^ J] II Hom(I| b £M>?i , A™). 

wgS\T, p w\w 

Let My, p denote the maximal abelian pro-p extension of -A^ M unramified outside places 
above E p , and let Xj^ p denote the Galois group of M-^ p /K™ ■ Then as in classical Iwasawa 
theory, an element g of Gal(A^ M /A) acts on X^ p by x ha 9 x := gxg -1 , where g denotes an 
arbitrary lift of g to Gal (Ms /A). Furthermore we define the maximal if-isotypic quotient 
x T. P j^) °f x z p as 

X X p ,(rl>) = i X X p ® 1 P O) ®o[A] C?[A cyc ]. 

Here the second tensor product is defined with respect to the map 

0[ A] -A 0[A cyc ] ; 5 ha if(6)5 | F(pp) for 5 in A = Gal(A'/A) 

(recall that A cyc is defined as Gal(A(/r p )/A)). Since an element S of A acts on A p M via 
the multiplication by i/j(<5)<5| f(h p )i the kernel of is calculated as 

K er(0 Fs/ ^cM) = Hom A xrpGv -4 p M ) = Hom 0[[Ax r]](^s p ®tl p 0,A™) 

~ Hom Ag M (^£ P , (</>)> A^)- 

In order to investigate the structure of Hom A cM(X Sp ^),^l^ M ), we introduce the notion 

of twisting of finitely generated A^-module. Recall that we have defined the p-twisting 
map 

Tw p : Ag M —A Ag M ; g ha p{g)g for g in Gal(Aoo/A) 

for an arbitrary continuous character p: Gal (Ax,/A) — > O x in Section |T| For an arbitrary 
AQ M -module M, we define the p-twist Tw p (Af) of M as the (9-module M on which an ele¬ 
ment r of Aq M acts as the scalar multiplication by Tw p (r). The following lemma describes 
basic properties of twisting of A^-modules. 

Lemma 3.15. Let p\ Gal(Ax/A) —> O x be a continuous character and M a A.™-module. 
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(1) The Pontrjagin dual (Tw p (M)) v o/Tw p (M) is isomorphic to Tw p (M v ) ; the p-twist 
of the Pontrjagin dual M v of M, as a A ^-module. 

(2) For an arbitrary -module N, we obtain an equality of A^ M -modules 

Hom A cM(Tw p (M), N) = Hom A gM(M, Tw p -i(iV)). 

(3) Assume that M is finitely generated and torsion as a A -module. Then Tw P (M) 
is pseudonull if and only if M itself is pseudonull. Furthermore we obtain the 
following equality of ideals o/A^ M : 

Char A gM(Tw p (M)) = Tw p -i(Char A gM(M)). 

In the statement of Lemma [3.151 13). the characteristic ideals of finitely generated torsion 
modules over the semilocal Iwasawa algebra A^ M are defined componentwisely. We shall 
recall the precise definition of them in Definition 13.221 Note that the Pontrjagin dual 
M v = Hom cts (M, Q p /Z p ) of a A§ M -module M is equipped with the A§ M -module structure 
defined by rcj)(x) := 4>(rx ), which is incompatible with the usual action of Ga^F^/F) on 
Horn cts (M,Qp/Z p ) defined by gcf(x) := ^(g^x). 

Proof. The assertions (1) and (2) directly follow from the definition of p-twisting. For the 
assertion (3), assume that M is a pseudonull module. By definition there exist distinct 
nonzero elements r\ and r 2 in the annihilator ideal of M which are relatively prime to each 
other. One then readily observes that both Tw p -i(ri) and Tw p -i(r 2 ) annihilate Twp(M) 
and are relatively prime to each other, which implies that Tw P (M) is also pseudonull. 
Similarly one readily verifies the converse implication. 

Now let us consider the statement on characteristic ideals in the assertion (3). We first 
reduce the claim to the case where M is an elementary A^-module of the form A^ M /(a), by 
considering componentwisely and using the structure theorem of finitely generated torsion 
0[[Gal(-F/.F)]]-modules. Then the reduced claim obviously holds since there exists an 
isomorphism 

A§ M /(Twp-i (a)) Twp(Aq M /(o)) ; r mod (Tw p -i(o)) i-A Tw p (r) mod (a) 

of A^ M -modules. □ 

Since A^ M is isomorphic to Tw, |g »i^-i(A™’ v ) as a A§ M -module, we may calculate by 
using Lemma 13. 151 the kernel of (/> Fs ^ C m as 

K er(^ Fs/ A'C M ) = Hom A gM(AN p)W ,Tw J?ga i v ,-i(Ag M ) v ) 

- Hom AgM( T w^gai v ,- i (A.g M ), X^ w ) 

= Hom A g M (A^ M , Twpgai, -1 ^ (X Ep , (v>)) V ) = Tw^gai,-i^(X Sp)( ^)) v . 

As a consequence we obtain the following proposition. 

Proposition 3.16. The Pontrjagin dual of the Selmer group Sel^ C M is pseudoisomorphic 

to Twpgai.—i^(Ay ; (^,)) as a A§ M -module. In particular, we obtain the following equality 
among characteristic ideals: 

S V 

Char A g M Sel^’cM = Char A g M (Tw J?g ai,-i v ,(A EpiW )) = Tw^-i(Char A CTiX Ep>w ). 

Remark 3.17. We can define A^ M -modules and A ( f^ A similarly to 7^ CM and A^' M : 

namely, we set T^ M = 0(ip) G>o A^ M,tt and A = T^ M <8> A gM A^ M,V . Then we readily 
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verify that the Pontrjagin dual of the Selmer group Sel^ C M associated to A^ M and the 

maximal ^-isotypic quotient of Xs p <8>z p O are pseudoisomorphic as A^ M -modules 

by the same argument as above (and they are isomorphic when the cardinality of A is 
relatively prime to p). In other words, Sel^ CM is copseudoisomorphic to Tw^j,-^ 

as a A^ M -module. 

We have defined the finitely generated A^ M -module X-^ p ®i p O in a similar way to 
the manner where one defines the (classical) Iwasawa module X^ v y. the Galois group 
Gal(M w /K(/x 

P°° )) of the maximal abelian pro-p extension Mf p i of K(/x p °o) which is un¬ 
ramified outside places lying above p (here K denotes an algebraic number field). Propo¬ 
sition [3A6] describes the relation between Selmer groups (of Greenberg type) and Iwasawa 
modules constructed in a classical way. The algebraic structure of the Iwasawa mod¬ 
ule has been thoroughly studied by Perrin-Riou (PR81] (for imaginary quadratic 

fields) and Hida and Tilouine [ HT94] (for general CM fields). 

3.2. Exact control theorem. We shall prove in this subsection the exact control theo¬ 
rem (Theorem [B]) for Selmer groups Sel^j C M associated to a grofiencharacter rj of type (Ao) 
defined on a CM number field F (see Definition 13.61) . Recall that the Iwasawa algebra 
Ag M = 0[[GaI(Eoo/F)]] is a semilocal ring each of whose components is isomorphic to 
the ring of formal power series over O in d + 1 + 6f, p variables. Therefore there exists 
a regular sequence {aq,..., Xd+s Fp } in A§ M such that each Xj belongs to the kernel 2l cyc 
of the augmentation map A^ M -» A{{ c = 0[[Gal(F(p, p oo)/F)]\. Such a regular sequence 
{aq,. .. ,Xd+s Fp } is contained in the Jacobson radical of A^ M , and thus its arbitrary per¬ 
mutation is also regular. For each j with 0 < j < d + 5f, p , let 21 j denote the ideal of A§ M 
generated by aq,..., arp 

(3.6) % = (aq,...,ar,). 

As the convention we use the symbol 2lo for the zero ideal of A^ M . Let A^ m [21j] denote 
the A{) M -submodule of A p M consisting of all the elements annihilated by 21 j. 

We here introduce the following nontriviality condition (ntr)^ on A p M for each place ip 
of F lying above p: 

(ntr)<p: for each maximal ideal SOT of the semilocal Iwasawa algebra A^ M , the maximal 
9JT-torsion submodule Afj M [SOI] of A^ M is not trivial as a D^-module. 

Theorem 3.18 (Exact control theorem, Theorem [Bl) . Assume that the nontriviality con¬ 
dition (ntr)fp is fulfilled for every place Sp contained in Yif. Let {aq,..., Xd+s Fp } be an 
arbitrary regular sequence in A{) M all of whose elements belong to 2l cyc , and let us define 
21 j as the ideal of A{) M generated by aq, aq,..., Xj. Then the natural map 



induced by the natural inclusion A^ M [2lj] ^ A p M is an isomorphism for each j with 
0 < j < d + 5 f, p - 

For the proof of Theorem 13.181 we first replace our Selmer group Sel ^ C m by the strict 
Selmer group Sel^M defined below. We then control the strict Selmer group under spe- 

A\rj 

cialisation with respect to the regular sequence {aq,..., Xj}. 


(Sel^ciwt) 










IWASAWA MAIN CONJECTURE FOR CM HILBERT CUSPFORMS 


43 


Definition 3.19. For each j with 0 < j < d + Sp }P , we define the strict Selmer group 
Sel^cMpi-j as the kernel of the global-to-local map 

H l (Fs/F,A° M^-D—» n h1 (F v ,A^ m [^}). 

A es <Pg££ 

Afpoo 

Since, for the strict Selmer group Sel^cMppp only the local conditions at places contained 

in Sp are modified compared to the definition of the usual Selmer group Sel^ C M[ a ] i n 
Definition 13.61 we have the following comparison result: 

Lemma 3.20. Let the notation be as in Theorem \3 . 181 and assume that the condition (ntr)tp 
is fulfilled for each place fp contained in ££. Then for every 0 < j < d + 5p tP the natural 

injection Sel^'c^pp] ^ Sel^cM^.j induces an isomorphism. 

Proof of Lemma 13.201 We consider the following commutative diagram: 

( 3 . 7 ) o-- Sel^cM [2 y-- H\F S /F,A^ M [%]) -- R(F,A™[Z l,]) 

a j 

0 -- Se^cM [2l .]-- HHFs/F,^^]) -- R str (F,A^ M [%}), 

where we use the following abbreviation on the direct products of local cohomology groups: 

AeS q3es= 

A-fpoo 

R str (F,A ™[^])= n ^])x 

A es <£gE£ 

Afpoo 

The right vertical map aj of the diagram (13.71) is defined as the usual restriction maps on 
the Ep-components and the identity maps on the other components. The snake lemma 

implies that the natural map Sel^cM^.j —t Sel^cM^.j is an injection whose cokernel is 
isomorphic to a certain submodule of Ker(aj). On the other hand, Ker(aj) is isomorphic 
to n H 1 (D<g/IyiA p M [%lj] I< * s ) due to the inflation-restriction sequence. 

‘Pes- 

We now verify that each component H 1 (D<^/I^, A p M [%ij] I<v ) of the direct product above 
is trivial. Since the the Pontrjagin dual (.A^ M ) V of A p M is isomorphic to A^ M as a Ag M - 
module, we have (A p M [^ij] Iv ) w = A o/Jy with the annihilator ideal Jgj of (A p M [%lj] I< v) v . 
We denote by /<p the value of the Frobenius element at *p acting on . Then 

the unramified cohomology group H 1 (D<^/I^,A p M [^ij] Iv ) is described as the quotient 
.Ap M [ 2 lj] 7 < P/(/fp — l)A p M [^ij] Iv , and hence it is trivial if and only if the multiplication 
by /<p - 1 on A p M ^ij\ I<9 is surjective; in other words, it is trivial if and only if the multipli¬ 
cation by /tp — 1 induces an injective endomorphism on A^ M /Jfp. The latter condition is 
obviously fulfilled when /p — 1 is invertible in Ajp /J<p, or equivalently, when it is invert¬ 
ible in A^ M /9Jf for each maximal ideal of A^ M containing Jp. The condition (ntr)p thus 
implies the triviality of each cohomology group H 1 (Dip/ip, A^‘ M [21 j ] J ' v ) since the condition 
(ntr)sp asserts that the value of fi p does not equal 1. Consequently, the strict Selmer group 
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S str • y* c* 

Sel^’cM[ a .] is isomorphic to Sel^cMpj-] for every j with 0 < j < d + Sf, p when we assume 
the condition (ntr)qj for each place ip contained in □ 

Let us return to the proof of Theorem 13.181 

Proof of Theorem, 13.181 In order to control the strict Selrner group Sel^cM^.p we consider 
the following diagram for each j: 

(3.8) 

0-- Sel 5cM [2t . +l] -- H 1 (F S /F,J™ 1 [% +1 ]) -- R s tr(F,A° M[2t J+1 ]) 

a 3 0 j 

0-- Sel^.jfo+r]-- H 1 {F S /F,j™[* j ])[x j+1 ] -- i? str (F,^ M [^])[x j+1 ], 


where the symbol R stI (F, A$j M [$lj]) denotes the groups introduced in the diagram CUD- 
The middle and right vertical maps a,j , fij are induced from the long exact sequence in 
Galois cohomology associated to the following short exact sequence of Gal(Fs/.F)-modules: 


(3.9) 0 A™ [%+i] -)• A™[%] A ™[%] -)• 0. 

In particular op is surjective by construction and it suffices to verify that the map op 
(resp. fij ) is injective in order to prove that the map Sel^ C Mpi +1 ] Sel^jcMp;.][rcj+i] in 
consideration is injective (resp. surjective) by the snake lemma applied on (13.811 . 

As for the kernel of otj, we first observe that it is isomorphic to the quotient mod¬ 
ule H°(Fs/F, A^j M [^ij])/Xj + \H°(Fs/F, A^ M [^lj]) by the long exact sequence of cohomol¬ 
ogy of Ga l(Fs/F) obtained from (13.91) . Obviously the global zeroth cohomology group 
H°(Fs/F , ,A^ M [2lj]) is a submodule of the local zeroth cohomology group H°(F<$, ^ M [2tj]) 
for an arbitrary place fp in E p . As we shall see in the next paragraph, the latter cohomology 
group H {> (Frp , [21j] ) is trivial under the condition (ntr)sp. This implies that Ker(aj) is 

trivial. 

Next we verify the triviality of the kernel of fij. For each place w in S, let /3j W denote 
the map induced by fij on the rc-component of i? str (F, M [2lj+ 1 ])■ Then by the long 
exact sequence of group cohomology for D w - or /^-modules associated to the short exact 
sequence we have 


H°(F W , [&,-]) / Xj+1 H° (F w , A ° M [%]) 

H°(I W , A™[Kj})/x j+l H 0 (I w , ^ M [2l j]) 


for w € 

for w E S \ (S p USpU Eoo). 


For a place w in £ p , the cohomology group H°(F w ,Ajf M [^lj]) itself is trivial under the con¬ 
dition (ntr) w . In fact, it is easy to redescribe H (i (F w , A ( r f M [2lj ]) as H°(D W /I W , A™[%lj] Iw ) 
by definition. We denote by f w the value of the Frobenius element at w acting on 
Ay M [^ij] Iw . Then, as in the proof of Lemma 13.201 we readily see that the Pontrjagin 
dual of H°(D W /I W , Arj M [%lj] Iw ) is isomorphic to the cokernel of the multiplication of f w — 1 
on Aq M /Ju,, where J w is the annihilator ideal of (A^ M [2lj] /u, ) v . The element f w — 1 is, 
however, a unit of A q/J w thanks to the condition (ntr)^ as discussed in the proof of 
Lemma 13.201 and in particular the cokernel of the multiplication of f w — 1 is trivial. This 
completes the proof of the triviality of the kernel of fij w . 

For a place w in S , \(£ p Ul!pUE 00 ), the inertia subgroup I w acts on 0{rj) through a finite 

quotient and acts on A^ M ’^ trivially. Let E w denote the (finite) image of I w under the Galois 
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character ?] gal and let w nw O denote the ideal of O generated by every element of the form 
£ — 1 with £ belonging to E w (here w denotes a uniformiser of O). Then one readily sees 
that the cohomology group H°(I w ,A^' M [$lj]) is none other than the maximal zu nu, -torsion 
submodule of A^ M \pLj\. The Pontrjagin dual of Ker (/3j iW ) is thus isomorphic to the kernel 
of the multiplication of Xj+\ on /(m nw ,x\,... ,Xj). The sequence x±,... ,Xj + i,w nw 
is, however, a regular sequence and contained in the Jacobson radical of A^ M , and thus 
its permutation w Uw ,x i,... ,Xj +1 is also a regular sequence in A§ M . We therefore see that 
the kernel of (3j tW is trivial. □ 

We finally remark that, by applying the same arguments as the proof of Lemma 13.201 to 
the discrete A^ -module we obtain the following result. 

Lemma 3.21. The natural injection Sel^M Sel^ C M is a copseudoisomorphism of dis¬ 
crete Aq M - modules. Furthermore, if the following condition (ntr).^<p on .4,^ M is fulfilled 
for each place the injection above is an isomorphism. 

(ntr)^<p: For each maximal ideal 93T of A < q A , the maximal VJl-torsion submodule 
of A^ is not trivial as a D<$-module. 

Proof. We may verify that („4(( M ) /q3 is a copseudonull A^ M -module for each place of F 
in ££ by arguments similar to the proof of the A^-copseudonullity of ( A see the 
proof of Lemma 13.111 Therefore the first half of the claim is true because the cokernel of 

the natural injection Sel^’cM '->■ Sel^ C M is a submodule of the direct product of unramified 

A/i A/> 

cohomology groups F[ 1 (D^/I<^, for places ip in ££. 

The second half of the claim is verified by the same argument as the proof of Lemma f3.201 

□ 

3.3. Greenberg’s criterion for almost divisibility. As is well known, the character¬ 
istic ideal of a finitely generated torsion module over a complete noetherian regular local 
domain is not necessarily preserved under basechange (or specialisation) procedures. In¬ 
deed the existence of a nontrivial pseudonull submodule causes peculiar behaviour of the 
characteristic ideal under specialisation. Therefore, when we discuss specialisation of the 
multi-variable Iwasawa main conjecture (or, in particular, specialisation of multi-variable 
Selmer groups), it is crucial to check whether the Pontrjagin dual of the Selmer group 
contains nontrivial pseudonull submodules or not. Greenberg has recently presented in 
|Gr] certain sufficient conditions for the pseudonull submodule of the Pontrjagin dual of 
the Selmer group to be trivial, which is applicable to quite general situations. In this sub¬ 
section we introduce various hypotheses which are necessary to state Greenberg’s criterion, 
and then we briefly review the main results of |Grj . 

3.3.1. Algebraic settings. Let Ao be the ring 0[[T \,..., T m ]] of formal power series over 
the ring of integers O of a finite extension of Q p , and let 1Z be a Ao-algebra which is 
isomorphic to the direct product of a finite number of copies of Ao- For each cofinitely 
generated discrete A-module A, we define the IZ-corank corank^(^l) of A as a finite set 
(corank-£ i (ej.4.))j e j of nonnegative integers, where each Tli denotes a local component of 
the semilocal ring 1Z cut out by an idempotent e*. We endow the set of the coranks of 
cofinitely generated discrete Al-modules with the componentwise partial order ; namely, the 
notation corank^(^4i) < corank^^) means that corank-^ej.Ai) < corank^ (ejA^) holds 
for every i in /. The characteristic ideal of a finitely generated torsion 7£-module for the 
semilocal ring 1Z is also defined componentwisely as follows. 
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Definition 3.22 (Characteristic ideal of 7H-modules). Let M be a finitely generated torsion 
1Z- module. Then we define the (JZ-) characteristic ideal Char 7 z(M) of M as the ideal 
of TZ corresponding to ILe/ Char-^^ejM) under the indecomposable decomposition TZ = 
IW IZj of TZ. Here Char^(e^M) denotes the characteristic ideal of the finitely generated 
torsion module e^M over the regular local ring 7Z{, which is defined in the usual manner. 

By definition the characteristic ideal Char n(M) is a principal ideal of 1Z. 

Remark 3.23. In jGrlOj and [Gr], Greenberg assumes that the coefficient ring 1Z is a local 
ring equipped with several good properties (which Greenberg calls a reflexive ring). In 
our setting the coefficient ring 1Z is a semilocal ring and is no longer local. However each 
local component of 1Z is a regular local ring isomorphic to Ao, which is compatible with 
Greenberg’s setting. Indeed it is not difficult at all to extend Greenberg’s results of jGrlOj 
and |Crj to our semilocal coefficient case by using the componentwise decomposition of 
the coefficient ring 7Z and Ah modules. In Section 13.3.31 we shall introduce statements of 
Greenberg’s results of jGrlOj and jCrj extended to the semilocal coefficient case. 

Now let K, S and T be as in Section 13.1.11 Since the semilocal ring TZ = n,e/ Ab satisfies 
all the conditions introduced in Section 13.1.11 we can consider the Selrner group of 7L-linear 
GK-representations. For the discrete 7£-module A = T TZ V associated to T, we specify 
an 711-submodule L(K, ; . A) of the local Galois cohomology group H 1 (K V ,A) for each v in S, 
which we call a local condition at v. We denote such a specification of local conditions by C, 
for brevity. Set Qc(^v,A) as the quotient H 1 (K V1 A)/L(K V ,A) for each v in S. We define 
L(K,A) as the product of the TGsubmodules L(K V ,A) for all places v in S, and similarly 
we introduce notation on products of local cohomology groups as follows: 

P(K,A) = n H\K V ,A), Qc(K,A) = Qc(K,A). 

ves vg s 

The C-Selmer group Sel/;(K,Al) associated to A is defined to be the kernel of the natural 
global-to-local homomorphism 

(3.10) H\K s /K,A)^Qc(K,A) 

induced by restriction nrorphisms of Galois cohomologies. By definition, Selc(K,Al) is an 
Tvbsubnrodule of the first cohomology group H 1 (K 5 /K, A) of the Galois group Gal(Ks/K) 
with coefficients in A. When we take the trivial specification £tri V! or in other words, when 
we impose the minimal local condition L(K,,,^l) = 0 on each place v in S, the £triv-Selmer 
group is denoted by HI 1 (K,5, A) in | GrD 6 , IG'rlJ and referred as the fine S-Selmer group 
associated to A after Coates and Sujatha |CS05| . 

Concerning the algebraic structure of the A-Selmer groups, the following two statements 
are known to be equivalent (see |Gr06f Proposition 2.4] for the proof): 

- the Pontrjagin dual Sel£(K,Al) of the £-Selmer group Selc(K,Al) does not contain 
nontrivial Ao-pseudonull submodules; 

- the £-Selmer group Sel£(K,.A) is almost divisible as a discrete Ao-nrodule; that is, 
the equality ipSelc(K,.4.) = Selc(K,Al) holds for all but finitely many prime ideals 
Zfi of height one of Ao- 

3.3.2. Various hypotheses. Greenberg has thoroughly studied almost Ao-divisibility of the 
£-Selmer group and established certain useful criteria for almost Ao-divisibility in jCrOfil 
ICrlfll ICr] , Now let us introduce various hypotheses which are necessary to state Green¬ 
berg’s criteria (see also (Gr, Section 2.1]). 
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The first two hypotheses concern the Kummer (or Cartier) dual T* = Hom cts (.4., p p °°) 
of A. For a place v contained in S, we consider the following two statements: 

(LOCjj : the local Galois invariant submodule H® ts (K v , T*) of T* is trivial; 

(LOC^J : the quotient module T*/H® ts (K v , T*) is reflexive as an 77-module. 

The next hypothesis concerns the generalised second Tate-Safarevic group III 2 (K, S, A) 
defined as the kernel of the global-to-local morphism 

H 2 (K s /K,A)^1{H 2 (K v ,A) 

vGS 

induced by usual restriction morphisms. Then we consider: 

(LECCO: the generalised second Tate-Safarevic group HI 2 (K, 5, M) is cotorsion as an 
77-mo dule. 

One of the significant features concerning the hypothesis (LEO^) is that it behaves well 
under specialisation procedures with respect to height-one prime ideals; namely, the con¬ 
dition (LEO^) holds if and only if the condition (LEO^pjj) holds (as a condition on the 
Ao/(i7)-module A[n\) for all but finitely many prime ideals (77) of height one of Ao (gen¬ 
erated by a prime element 77). Here we denote by A [77] the maximal 77-torsion submodule 
of A. We refer to ]Gr06i Lemma 4.4.1 and Remark 2.1.3] for the proof of this property. 
Finally we introduce the hypothesis on the global-to-local morphism <j>c'- 

(SUR A£ ) : the global-to-local morphism fic is surjective. 

3.3.3. Greenberg’s criterion. The following criterion for the almost divisibility of Selc(K, A) 
is due to Greenberg |Grj . We state it for modules over the semilocal ring 77 = Y\ i&I TZi, 
contrary to the settings in (Grj . 

Theorem 3.24 1 [Grl Proposition 4.1.1]). Let 1Z be a finite A^-algebra which is isomorphic 
to the direct product of finitely many copies of Ao, and let K. S, A be as above. Assume 
that the local condition L(K,A)(C P(K,M)) is almost Aq- divisible. Suppose also that all the 
conditions (LOC^ Uq ) (for a certain nonarchimedean place vq in S), (LOC^) (for every 
place v in S ), (LEO^) and (SUR./y.c) are fulfilled. 

Then the C-Selmer group Sel£(K,M) is almost divisible as an Ao -module. 

Remark 3.25. Among various assumptions of Theorem 13.241 the almost Ao-divisibility of 
L(K,A) and the latter two hypotheses (LEO. 4 ), (SUR^^) are rather nontrivial and not so 
easy to verify. In fact, the hypothesis (LEO^) is closely related to the weak Leopoldt con¬ 
jecture in classical settings and is quite nontrivial (see |Grfl 6 ; . Introduction and Section 6 .D] 
for further discussion and for several examples where the hypothesis (LEO. 4 ) is not valid). 
The surjectivity condition (SUR^x) of the global-to-local morphism fi/r is closely related 
to the triviality of the dual Selmer group, as discussed later in Section 13.3.41 Finally, the 
local condition L(K,„4) often tends to be not almost divisible; even in our CM setting, 
the unramified cohomology group 77 2 r (74p c , M^ m ) at a place f)3 c in might not be almost 
divisible in general, and we cannot directly apply Greenberg’s criterion to SeljjcM- This is 
one of the reasons why we replace our Selmer group SelyjcM with the strict Selmer group 
Sel^cM in Section EFT! 

•Afi 
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3.3.4. Dual Selmer groups and the surjectivity hypothesis. By virtue of Poitou and Tate’s 
long exact sequence on Galois cohomology groups [ NS WOO I (8.6.10)], the cokernel of 
the global-to-local homomorphism <fn is represented in terms of the dual Selmer group 
Sel£*(K,T*) of Selc(K,„4), which enables us to check the hypothesis (SUR^) by inves¬ 
tigating the triviality of Sel£*(K,T*). We here define the dual Selmer group Sel£*(K,T*) 
and introduce a criterion for its triviality, which is also due to Greenberg |Grl0j . In the fol¬ 
lowing paragraphs the subscript “cts” denotes the Galois cohomology groups of continuous 
cocycles. 

Let T * = Hom c t s (^4, p p °°) denote the Kummer dual of A. Then the natural pairing 
A x T* —y Pp°° combined with the cup product of the Galois cohomology induces the local 
Tate pairing 

(3.11) H\K V ,A) x H^ S (K V ,T*) —y Q p /Z p 

for each v in S, which is a perfect pairing as is well known. We specify a subgroup 
L*(K,,, T*) of H^ ts (K v ,T*) as the orthogonal complement of L(K V ,A) under the local Tate 
pairing (13.111) . We denote such specifications of submodules of the local Galois cohomology 
groups H^ ts (K v , T*) by C*. The dual Selmer group Sel£*(K,T*) for T* is then defined as 
the kernel of the global-to-local homomorphism 

«/>£*: i/ c 1 ts(K S /K,T*)^Q£*(K,r*), 

where Qc*( K,T*) is defined as the direct product Y\ veS Hl ts (\( v ,T*)/L*(K Vl T*). Mean¬ 
while the fine S-Selmer group III 1 (K, S, T*) associated to T* is defined as the local-to-global 
map i?ct s (K s /K,r*) -> Flues H x cXs (K„, T*). Then one readily verifies that the Pontrjagin 
dual of the cokernel of 4>c is isomorphic to the quotient Sel£*(K,T*)/III 1 (K, S,T*), and 
the Pontrjagin dual of the cokernel of <fc* is isomorphic to Sel£(K, M)/III 1 (K, S, A) [GrlOl 
Proposition 3.1.1]. In particular, the triviality of the dual Selmer group Sel£*(K,T*) im¬ 
plies the validity of the hypothesis (SUR. 4 ^). 

Greenberg himself has given a sufficient condition for the dual Selmer group Sel£* (K, T*) 
to vanish. In order to state it, we here introduce another hypothesis: 

(CRK A £) : the following equality among Tvl-coranks holds (recall the definition and con¬ 
ventions on the 7£-corank in Section 13.3.ID : 

corank-ftL/^Ks/K, A) = corank-^Sel^K, A) + corank-^Q^K, A). 

Recall that we have the following equality on 7^,-coranks by the definition of the £-Selmer 
group as the kernel of the global-to-local morphism (13.101) : 

corank-ftlL^Ks/K, A) = corank-^Sel^K, A) + corank-^Q^K, A) — corank^Coker (4>c)- 

Hence, it is obvious that the following inequality always holds: 

corank-fciL^Ks/K, A) < corank^Sel^K, A) + corank-^.Q£(K, A). 

It is also obvious that the condition (CRK^^) is valid if and only if the cokernel of the 
global-to-local morphism <fc cotorsion as an A^-module. 

Proposition 3.26 f [GrlOl Proposition 3.2.1]). Suppose that A is a divisible IZ-module and 
that the condition (CR,K _4 £) holds for A and a specification C. Furthermore assume that 
at least one of the following conditions is fulfilled: 

(a) for each maximal ideal SO1 of 1Z, the maximal Wl-torsion submodule M[9Jt] has no 
subquotient isomorphic to p p as a Galois representation o/Gal(K/K) over F p ; 
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(b) the discrete module A is cofree as an Ao -module and, for each maximal ideal 9Jt of 
1Z, the maximal DJt-torsion submodule M[9JT] has no quotient isomorphic to n p as a 
Galois representation o/Gal(K/K) over F p ; 

(c) there exists a place vq contained in S such that H^ ts (K Vo ,T*) is trivial and that 
QciY'voiA) is divisible as an Ao- module. 

Then the dual Selmer group Sel£*(K,7~*) is trivial ; in particular, the surjectivity condition 
(SUR^/;) holds for A and C. 

3.4. Inductive specialisation of the characteristic ideals. In the rest of this section 
we shall state the main result of the algebraic side of this article (Theorem 13.271) and prove 
it. As in Section f3.1.2l we denote by F + a totally real number field of degree d which satisfies 
the condition (unrp+). Let / be a p-ordinary p-stabilised newform of cohomological weight 
k, level 94 and nebentypus s defined on F + , and suppose that / has complex multiplication. 
We denote by r/ the grofiencharacter of type (Ao) defined on a totally imaginary quadratic 
extension F over F + satisfying the ordinarity condition (ord^y^+), to which the cuspform 
/ = d(r]) is associated. As we have already mentioned, it is always possible to assume that 
r] is ordinary with respect to an appropriate p-ordinary CM type E of F. We choose a 
branch character if associated to i] and fix it (see Definition 13.81) . 

Recall the ^-branch £p(if) of Katz, Hida and Tilouine’s p-adic L-function £^ T (F) 
defined in Introduction; namely Cp(if) is the image of £™ T (R) under the twisting map 

6 ur [[Gal(F £p oo/R)]] -a- 0 ur [[Gal(F oo /-F)]] ; g ^ ^(g)g |^. 

Theorem 3.27. Let the notation be as above. Furthermore assume the following three 
conditions', 

- the nontriviality condition (ntr)<p for every place ^ of F contained in 

- (IMC]?^) the ((d + 1 + 5F, P )-variable) Ottawa's main conjecture 

Char A gM(A: Spi(v , ) ) = (£j (VO) 

holds as an equality of ideals in Aq M < 8 >c> O ur for the CM number field F and the 
branch character if; 

- (NV^^j)) the cyclotomic p-adic L-function C C p C {d{rf)) does not vanish in the 
sense that each component of ($( 77 )) in the indecomposable decomposition of 
A C Q C ®o& m does not equal zero. 

Then we have the following equality of ideals of A^ c 

(3.12) (Char a cm (Sel^cM) V ) ® A g M Agf c = Charge (Sel^cyc^ 

where the tensor product in the left hand side is taken with respect to the canonical quotient 
map A§ M -» A^) c . 

The rest of this section is devoted to the proof of Theorem 13.271 We shall verify 
Theorem 13.271 by induction on the Krull dimension of the coefficient ring A^ c , apply¬ 
ing repeatedly the specialisation lemma introduced below in Section [3.4.11 (Lemma 13.291) . 
Greenberg’s criterion for almost divisibility (Theorem 13. 24p and the exact control theorem 
(Theorem 13.181) . 

Remark 3.28. The conditions (IMCp^) and (NV^cyc^^) imply an important algebraic 
property of the Selmer group: 

- (COT /.eye ) the Selmer group Sel vyc is a cotorsion A)2) c -module. 

v •**(»)' 0 ^ ■'Vp u 
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In order to deduce the conclusion of Theorem [3271 we may replace the analytic condition 
(NV £ by the algebraic condition (GOT^ c y c ). We also remark that ive use the 

analytic condition (NV^cyc^, only at the final step of our inductive argument (see 
Section [3. 4. 61) . 

3.4.1. The specialisation lemma. Firstly, we recall the following elementary lemma (which 
we shall refer as the specialisation lemma later), describing the behaviour of characteristic 
ideals under specialisation procedures. 

Lemma 3.29. Let LZ be a finite Ao -algebra which is isomorphic to the direct product of 
finitely many copies of Ao, and let M be an LZ-module which is finitely generated and tor¬ 
sion. Assume that M contains no nontrivial pseudonull Ao- submodules. Let (17) denote 
a prime ideal of height one of Ao and assume that (LI) does not divide the characteris¬ 
tic ideal Char k.(M) of M. Then the quotient module M/TLM is finitely generated and 
torsion as an LZ/TILZ-module, and the basechange Char^(M) ®-jzLZ/IILZ of the charac¬ 
teristic ideal Char^(M) coincides with the characteristic ideal Ch.&Vfi/mi(M/LLM) of the 
LZ / TILZ-module M/IIM as an ideal of the quotient ring LZ/TILZ. 

Here we remark that (commutative) noetherian regular local rings are unique factorisa¬ 
tion domains, and hence every height-one prime ideal of Ao is a principal ideal. 

We readily verify the lemma above in essentially the same way as the proof of [OchQ5[ 
Lemma 3.1]. We thus omit the proof here, just emphasising that the triviality of the 
pseudonull Ao-submodule of M plays a crucial role in the verification of Lemma 13.291 


3.4.2. Settings on regular sequences. We now apply the results of Sections 13.31 and 13.41 
to the case where LZ is the semilocal Iwasawa algebra A ^ 1 = 0[[Gal(Too/-F)]] and Ao is 
the local Iwasawa algebra C7[[Gal(F 1 /F 1 )]], which is isomorphic to the ring of formal power 
series in (d+l + d^^-variables. Here we henceforth choose and fix a splitting of the Group 
extension 

1 -Gal(Foo/F) =* Gal (F(n P )/F) -- GafiF^/F) -- Ga\(F/F) -- 1 


and regard 0[[G&\(F / F)]\ as a subring of A^ M by using this splitting. This identification 
endows the semilocal algebra A^ M with the Ao-module structure. In the following argu¬ 
ments, we inductively find elements 71 ,..., 'yd+Spp °f Gal (F/F) so that 71 — 1,..., 7 d+ 5 Fp —1 
is a regular sequence of Ao = 0[[Gal(F/F)]] contained in 2l cyc and they satisfy certain 
“nice” properties. We here prepare notation on regular sequences. Let j be a natural 
number with 1 < j < d + 5 f, p and suppose that we have already chosen elements 71 ,... ,7 
of Gal (F/F) such that 71 — 1,..., 7 ^ — 1 is a regular sequence of Ao contained in 2l cyc . We 
set Xk = 7fc — 1 for each k with 1 < k < j and let 2 lj denote the ideal of A^) M generated by 
x\. ... .Xj with the convention that 2lo denotes the zero ideal in A^ M . Then the notation 

introduced here is compatible with that introduced in Section 13.21 We also define Ag to 
be the quotient ring Ao/(xi, X 2 ,... ,Xj), which is a regular local ring isomorphic to the ring 
of formal power series in (d + 1 + 5f :P — j)-variables. 

Now we introduce the local condition £ str corresponding to the strict Selmer group; 
namely we set for each nonarchimedean place 
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V in S 


L str (F v ,A° M[2l,-]) 


' H^ r (F v ,Ay M [2lj]) 
< H^F^A^j}) 
0 


for v in S \ (E p U E p ), 
for v € S p , 
for v € Sp, 


where H^ r (F\, Alp M [2lj]) denotes f/ie unramified cohomology group which is defined to be 

We also introduce the local condition L str (F,A^ M ) for the discrete A§ M -module -4^ M 
in the same manner. 

The discrete A^ M /2lj-module Alp M [2b,-] corresponds to the continuous Galois representa¬ 
tion 7/ CM /2lj7/ CM ; that is, the Pontrjagin duality induces an isomorphism of Ajp /2b,-linear 
Gal(-Fs/^-representations 

A™1%] = (Tp CM /2l i 7^ M ) ® A oM /a . (Ag M /2l,) v . 

We thus denote the Rummer dual of Alp M [2b,] by (7/ CM /2lj7/ CM )*, following Greenberg’s 
notation introduced in Section 13.3.41 Then the local condition £* tr for the dual strict 
Selrner group Sel£* tr (F, (7^ CM /%7^ CM )*) is calculated as 


(3.13) L* stI (Fv,(r v CM /^ M T) 


H m(F v , (Ff M /^F v CM )*) for u € S\ (£ p U E£), 
< 0 for v € Ep, 

HUFv, (T™/%T v CM )*) for v € E£, 


where the unramified cohomology H^ T (F\, (7/ CM /2lj7/ CM )*) is defined in the usual manner 
as H^ ts (Dx/Ix, (Tp CM /2lj7^ M )*’ /A ). Indeed (13.131) follows for places of F lying above p 
directly from the definition of the local condition of the dual Selrner groups based upon the 
local Tate duality (13.1111 . Now we temporary abbreviate Alp M [2l ? ] as Al and (7/ CM /2lj7/ CM )* 
as F* for brevity. Then for a place of F contained in S but not lying above p , it is well 
known that the unramified cohomology groups are the orthogonal complements of each 
other under the local Tate pairing (13.1111 for finite Galois modules Al[A n ] and T* /3 n T*. 
Here 3 is the Jacobian radical of A^ M and n is an arbitrary natural number. Since F* is 
obviously complete with respect to the A-adic topology, we readily obtain (13.131) for such a 
place by employing standard limit arguments based upon Tate’s theorem (refer to ( NS WOO] 
Corollary 2.3.5] and |Gr061 Remark 3.5.1] for example). 


3.4.3. Preliminary step: verification of several hypotheses. As the preliminary step for our 
inductive arguments, we verify the local hypotheses (LOC^cM[ a .] v ), (LOC^cm^.j v ) and 

the almost A ( '^-divisibility of L sir (F, A^ M [%ij]) for every j. Firstly, we readily observe that 
the local hypothesis (LOC^cm^ , v ) is valid for every nonarchimedean place v in S (and 

hence the local hypothesis (LOCj^cm^.] v ) is automatically satisfied for every place v in 

S). In fact the Rummer dual of Alp M [21/ is a free A^ /21.,-module of rank one on which 
every element g of Gal(F]s/ F) acts by the multiplication of Xfil y c r l gal (9~ 1 )9~ 1 \F ■ Now 
let v be a nonarchimedean place v in S. Since every nonarchimedean place of F does not 
split completely in the cyclotomic Z p -extension Fff c of F, the image of the decomposition 
subgroup D v in Ga l(Ff% c /F) is not trivial. In particular there exists an element go of D v 
such that the image of £ go := Xfi,l yc T l gal (9o 1 )9o 1 ~ 1 i n A^ M /2lj d° es not vanish (because 
it is nonzero in the quotient A// c of A^ M /2lj). The definition of f go implies that, under 
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the indecomposable decomposition of A§ M , no components of £o equal zero. Since every 
indecomposable component of A^ M / 2 l j is a domain, we readily see that the £o-torsion 
submodule of the free A^ M -module is trivial. This implies that the D^-invariant 

of the Kummer dual of [2lj] equals zero, and thus (LOC^cm^.j ,.) holds for every j 
and for every nonarchimedean u in S. 

We now verify the almost divisibility of the local condition L stl (F v , *4 p M [2lj]). There is 
nothing to prove for a place in E p since the local condition is trivial at such a place. For 
a place ip in T pi the local condition L str (F^, A p M [2tj]) coincides with the whole cohomol¬ 
ogy group H 1 (F<^,A p M [^lj}), and its almost Aq J ^- divisibility follows from the hypothesis 
(LOC^cm^,] ip) and [Cjr061 Proposition 5.4], Finally take a place A from S \ (E p U E p ). 

By the same argument as the proof of Theorem 13.181 the image of the inertia subgroup 
I\ under the Galois character r/ gal is finite and contained in the set of roots of unity in 
O. Thus A p M [%lj] Ix is isomorphic to A p M [%lj , •a 7 n A^ M ] for some nonnegative integer n, 

which is almost A^-divisible (observe that A p M [%lj, vd ti I\. ( q A ] is divisible for every height- 
one prime ideal of A^ relatively prime to tuA^). Since //,* r (F\, A p M [2lj ] ) is isomorphic 
to a quotient of A p M [$lj] Ix , H^ r (F\, A p M \f&j\) must also be almost A-divisible. 

Remark 3.30. It is also possible to verify the hypotheses (LOC^cm v ) and (LOC^m v ) 

for each nonarchimedean place contained in S and the almost Ao-divisibility of the local 
condition L stl (F, by exactly the same arguments as above. 

3.4.4. First step: almost divisibility of the initial strict Selmer group. We shall verify the 
almost Ao-divisibility of the initial strict Selmer group Sel'A’cM- Identifying Sel^M with 

Tw pga i.-i^(Sel^cM) by exactly the same arguments as in Remark 13.171 we readily see that 
the almost Ao-divisibility of SeP^M is equivalent to that of Sel^Q^- Concerning the ver¬ 
ification of the almost Ao-divisibility of Sel^c^; we first observe that an arbitrary place 

*P in T p satisfies the extra condition (c) proposed in Proposition 13.261 It is obvious be¬ 
cause Q£ str (Flp,^; M ) is trivial for each ip in T p . Thus, in order to deduce the almost 

Ao-divisibility of Sel^M from Theorem 13.241 and Proposition 13.261 it suffices to verify the 

*^77 

remaining two hypotheses (CRK^cm £ ) and (LEO^cm); recall that we have already veri¬ 
fied in the preceding step ISection 13.4.31) all the other hypotheses required in Theorem 13.241 
We have observed in Remark 13.171 and Lemma 13.211 that the Iwasawa module X^ pt ^) 
and the Pontrjagin dual of the strict Selmer group Sel^’ stl are pseudoisomorphic to each 
other as A§ M -incxlules. 

Now we introduce the following hypothesis concerning the algebraic structure of the 
Iwasawa module -Ae p ,(i p) : 

(TORy E j; w ): the A^ M -module X^ p ^ is a torsion module. 

Note that the condition (TORa E p(]/;) ) is equivalent to the following condition on the 
algebraic structure of the strict Selmer group Sel^M by the discussion above: 

(COT 4 CM): the strict Selmer group Sel^M is cotorsion as a A^ M -module. 
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Lemma 3.31. The following two statements are equivalent for the discrete A ^> M -module 
/(CM. 

(1) both the conditions (CRK^cm J and (LEO^cm) hold ; 

( 2 ) the condition (COT^cm) (or, equivalently, the condition (TORx Sp w )) holds. 

Proof. We abbreviate the A^-corank of a cofinitely generated A^ M -module M just as 
“corank M” in the proof of Lemma f3.31l so as to simplify the notation. We shall henceforth 
verify that the following equation among A^ M -coranks holds: 

(3.14) corank Sel^-vi = corank ni 2 (F, S', .A^ M ) + corank Coker((/>£ str ). 

Once the equation (13.141) is proved, the equivalence between the assertions (1) and (2) 
immediately follows; for the assertion ( 1 ) is fulfilled if and only if the right hand side of the 
equation (I3.14p equals zero, whereas the assertion (2) is fulfilled if and only if the left hand 
side of (13.141) equals zero (recall that the validity of the corank condition (CRK^cm CstT ) is 

equivalent to the A^-cotorsionness of the cokernel of 

In order to deduce the equation (13.141) . we consider the equation 

corank Sel^cM = corank H l (Fs/F,J lS M ) 

(3.15) ^ 

- corank Q Cst ,( F , A™) + corank Coker(0£ str ), 
which is deduced from the exact sequence 

0-- Sel^t-- H\F S /F,A ™) — Q Cett (F,A™) -- Coker^)-- 0 

defining the strict Selmer group Sel^M, and calculate the right hand side of (13.151) by 

utilising Euler-Poincare characteristic formulae studied in [Gr06j . 

We first calculate the A^ M -corank of the global cohomology group Ft 1 (Fg/F, A^ M ). 
By the global Euler-Poincare characteristic formula {Gr06l Proposition 4.1], we have the 
equality: 

(3.16) corank H 1 (F s /F,A < f M ) 

= corank F[°(Fs/F, A^ M ) + corank F[ 2 (Fs/F,A ( f M ) + dcorank (*4^ M ). 

Recall that d denotes the extension degree [E + : Q] of the totally real held F + over 
Q. We claim that Ft°(Fs/F,A < f > M ) is a cotorsion A^ M -module. Indeed A is naturally 
identified with the Pontrjagin dual of A^ M , on which an element g of Ga l(Fg/F) acts 
by the multiplication of f>(g)g\p ■ Let us take an arbitrary element go of Gal(Fs/F) 

whose image in Gal (F/F) under the natural surjection Ga \(Fg/F) —» Ga \(F/F) is non¬ 
trivial. Then we readily see that the go-invariant of is isomorphic to a A^ M -module 
(A < Q A /(i/j(go)go\p — 1 )A^ M ) V , which is obviously a cotorsion A^ M -module. The zeroth 
cohomology F[°(Fs/F, .4^ M ) is obviously a subgroup of the go-invariant of and thus 

it is also a cotorsion A^ M : 

(3.17) corank H° (F 5 /F,^ M ) = 0. 

We next investigate the A^-corank of the second cohomology group FL 2 (Fs/F, A^ M )- 
The nine-term exact sequence due to Poitou and Tate (see {NSWOO . (8.6.3) i)] and |Gr061 
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Section 4.B]) implies that the cokernel of the global-to-local homomorphism 
(j>W:H\F s /F,A % M )^ [] H\F v ,A% m ) 

v£S\S 0 o 

is isomorphic to the Pontrjagin dual of H® ts (Fs/F, (7^p M )*), which is trivial because the 

hypothesis (LOC^c M J holds for every v in S \ T^. The kernel of <jffl is III 2 (i ? , 5, A^ M ) 

by definition. Furthermore, by virtue of the local Tate duality, the Pontrjagin dual of 
Ff 2 (F v ,A^ M ) is isomorphic to H^ ts (F v , (7(f M )*) for each v in S \ T^, and hence it equals 

zero by the hypothesis (LOC^cm v ) again. Combining these calculations, we conclude 

that the corank of the whole second cohomology group F[ 2 (Fs/F, Ap M ) equals that of the 
generalised second Tate-Safarevic group III 2 (P, S, A]( M ): 

(3.18) corank H 2 {F S /F, A^ M ) = corank IH 2 (F, 5, A% u ). 

By (13.161) . (13.171) and (13.181) . we have the following formula: 

(3.19) corank F[ 1 (Fs/F,A™) = corank HI 2 (F, 5, A^ M ) + dcorank A ^ M . 

We now study the A^ M -corank of Q/; str (F, ^ M ). 

First, let us take a place f)3 c in Tp Applying the local Euler-Poincare characteristic 
formula [Gr06l. Proposition 4.2] to the local cohomology group Ff 1 (F<^c, A^/ M ), we obtain 

corank Qc stI ( F< V c i A™) = corank //'(Pipe, _4.£ M ) 

= corank P7°(Plp c , A™) + corank Pf 2 (P<pc, .4^ M ) + [Pipe: Q p ] corank A ^ M . 

We claim that the A^ M -coranks of Ft 0 (F<$c, A^ M ) and iP 2 (Epc, „4^ M ) are both equal to 
zero. Indeed, since each place of F above p does not split completely in F/F, the image 
of D< p c in Gal(pyp’) contains a nontrivial element. We thus apply the same arguments 
as those we made for H 0 (Fs/F,A^ M ) and conclude that H°(F^c, -4^ M ) is cotorsion as 
a A^-module. On the other hand, as we have already checked in the computation of 
the A^ M -corank of F[ 2 (Fs/F, A^ M ), the second local cohomology group H 2 (F<^c,A^ M ) is 

trivial due to the hypothesis (LOC^cm ,p c )- Therefore we obtain the following formula for 
each place in Tp 

(3.20) corank Qc sU { F . p c >-4$ M ) = [ F <V C ■ Q P ]corank A™. 

Next, let A be a place in S \ T p . We also calculate the corank of Qc str ( F \, A9^) by 
applying the local Euler-Poincare characteristics formula |Gr06] Proposition 4.2] to the 
local cohomology group F[ 1 (F\,Ap M ) as follows: 

corank Q CstI ( F \, A% M ) 

= corank F[ 1 (F\, A™) - corank Hp(F x , A^ M ) 

= corank F[°(F\,A ( ^ M ) + corank F[ 2 {F\,A ( p M ) — corank Hp(Fx,A^j, M ). 

We claim that the right hand side of this equality is zero, that is, 

(3.21) corank Q CstT (F x , A™) = 0 
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holds. Indeed the second cohomology group H 2 {F\,Ay) is trivial by the hypothesis 
(LOC^cm a ) as we have already mentioned, and the AQ M -corank of the unramified coho¬ 
mology Hf r (F\, «4.9 M ) equals that of H°(F\, M9 m ) since the residue characteristic at A does 


not equal p; this fact is well known for finite Galois modules and we readily generalise it 
by using a specialisation trick similar to one used in the proof of |Gr06l Proposition 4.1]. 

Substituting (13.191) . (13.201) and (13.211) for the equation (13.151) . we obtain the desired 
equation (13.141) as 


corank Sel^cM 

= corank in 2 (l ? , S, Al^ M ) + d corank 

— ^ [Pipe: Q p ] corank + corank Coker(</>£ str ) 

tp cgE c 

= corank HI 2 (F, S, + corank Coker(^£ 3tr ) + I d — ^ [F p + : Q p ] | corank 

\ P|pr F + ) 

= corank III 2 (P, S, + corank Coker(</>£ str ). 

□ 


The assumption (TORa' s w ) clearly holds if the Galois group X-^ p = Gal(Ms p /R^ M ) 

itself is torsion as an 0[[Gal(.A^ M /F)]]-module. As a part of their research on the anti- 
cyclotomic Iwasawa main conjecture for CM number fields, Hida and Tilouine have thor¬ 
oughly studied the torsionness property of in j HT94l Section 1.2], and showed that Xj] p 
is torsion over 0[[Gal(iP^ M /A)]] if the T-Leopoldt condition (the condition («Sf^ CM v ) in the 

terminology of |HT94j) is valid for the extension K™/F. See Hl’91. Theorem 1.2.2 (ii)] 
for details of the discussion (note that our extension K™ is always regarded as a sub¬ 
field of the ray class field F<f p °o modulo £p°° over F for an appropriate integral ideal £ 
of F). Since the extension K™/F contains the cyclotomic Z p - extension, we observe that 
the E-Leopoldt condition is valid for the extension K^^/F by reducing to the validity of 
the weak Leopold conjecture for the cyclotomic Z p -extension of an arbitrary number field 
due to the classical works of Iwasawa and Greenberg |Gr761 Proof of Theorem 3] (or by 
directly applying [HT94, Theorem 1 . 2.2 (iii)]). Consequently the assumption (TOR.y Ej3 W) ) 
is fulfilled and we have verified the following proposition: 

Proposition 3.32. The strict Selmer group Sel^M °f Ay M is cotorsion over A^ M and 
almost divisible over Ao- The same claim holds for the strict Selmer group Sel^ g *( of . 

As a corollary of our computation so far, we deduce a consequence on the algebraic 
structure of the Iwasawa module X^ p ^) when the Pontrjagin dual of Sel^M is exactly 

isomorphic to X-% Namely, 

Corollary 3.33 (Theorem ICl) . Assume that the nontriviality condition (ntr)^,mc is valid 
for each place ip c of F belonging to E p and that the order of the branch character if is 
relatively prime to p {in particular if is not trivial). Then the Iwasawa module X% 
does not contain nontrivial pseudonull Aq- submodules. 
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Proof. Under the assumptions, the Pontrjagin dual of SePjcM is exactly isomorphic to 

X T. V ,(i/>) by Remark 1 3.9 1 and Lemma f3.21[ The statement then follows from Proposition 13.321 

□ 

Remark 3.34. The triviality of pseudonull submodules of the Iwasawa module ^ has 
been already studied by Perrin-Riou in [PR.811 Theoreme 2.4] only when F is an imaginary 
quadratic field and ^ is a grofiencharacter associated to an elliptic curve with complex 
multiplication. Her method essentially utilises Wintenberger’s structure theorem on pro¬ 
jective limits of local unit groups |Win 8 f)j combined with Greenberg’s classical result on 
the triviality of the pseudonull submodules contained in the “p-ramified Iwasawa module” 
|Gr781 Proposition 5], which is rather different from ours. It was not clear to us if the 
method used in | PR. 8 l ] could be extended to general CM number fields or not. 

3.4.5. Intermediate steps: inductive specialisation of the Selmer group. Next we shall in¬ 
ductively specialise the strict Selmer group SelTc^ so that the characteristic ideal of its 

*A.rj 

Pontrjagin dual behaves compatibly with respect to each specialisation procedure. 

We use the same notation as in Section 13.4.21 in particular 21 j denotes the ideal of A^ M 
generated by a regular sequence x\,...,Xj with Xk = — 1- We also recall that the 

ideal 2l cyc of A§ M is defined as the kernel of the natural surjection A^ M —» A^’ c . Now 
let us consider the following three conditions (ro)j, (n)j and (r 2 )j on the fixed elements 
of Gal (F/F): 

(rO)j the sequence x\,... ,Xj is a regular sequence of A§ M contained in 2l cyc ; 

(r 1 j -j the hypothesis (LEO^^cm^o^ . j) is fulfilled for A° u [ %]■, 

(r2)j the dual Selmer group Sel£* tr (F, (7j ? CM /2lj7] ? CM )*) is trivial. 

Here we regard the condition (rO)o as the empty condition. The following proposition is 
the key of our specialisation arguments. 

Proposition 3.35. Let the notation be as above and assume that the condition (ntr)qjc is 
fulfilled for every place of F contained in ££. Suppose that, for a natural number j 
with 1 < j < d + 5 f, p — 1 , all the conditions (T 0 )j_i, (Tl)j_i and (T 2 )j_i are fulfilled on 
a set of elements 71 ,... , 7 j-i of G&\(F /F£f c ). Let SeP^M^ ^ be the strict Selmer group 

of and (Sel^cMjoj, i j) v its Pontrjagin dual. Then there exists an element jj of 

Gal (F/Ff% c ) such that the element Xj = 7 ^ — 1 of A§ M does not divide in A^ M /2lj_i the 
characteristic ideal of the torsion part o/(Ser^M[ a . 1 p V j and all the conditions (rO)j, (n)j 
and (T2)j are fulfilled on the tuples 71 ,... , 7 j-i and 7 j. 

We postpone the proof of Proposition 13.351 until the end of this paragraph, and we 
here deduce the basechange compatibility of the characteristic ideal of (Sel^cM) v under 

_ .A77 

intermediate specialisation procedures from Proposition 13.351 Firstly we note that, when 
j equals zero, all the conditions (rO)o, (Pl)o and (T 2 )o are fulfilled; indeed the condition 
(rO)o is empty by convention, and the condition (n)o follows from Lemma 13.311 and the 
cotorsionness of the strict Selmer group Seld’cM (refer to the argument in Section l3.4.4l) . The 

•A-rj 

triviality of the dual Selmer group Sel£* tr (F, 7^*), namely the condition (r2)o, also follows 
from Lemma 13.311 and the cotorsionness of the strict Selmer group Sel^cM, combined with 
Proposition 13.261 observe that an arbitrary place *p c contained in satisfies the extra 
condition (c) proposed in Proposition 13.261 
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Now let j be a natural number with 1 < j < d+5p :P — 1, and assume that we have already 
chosen elements 71 ,..., 7 j_i of Ga l(F/Ff£ c ) so that all the conditions (rO)j_i, (ri)j_i 
and (r2)j_i are fulfilled for them. As an induction hypothesis, we further assume that 
Sel^cMpi. 7 is cotorsion as a Ag M /2l j _i-module. Theorem 13.241 then enables us to conclude 

that the strict Selmer group Sel^^pi- 7 is almost Aq J ^-divisible. Let (Sel^c^^ i j) v de¬ 
note the Pontrjagin dual of the strict Selmer group Sel^cM^ ^ • We apply Proposition ^. 351 

and find an element 7 j of Gal (F/F^ c ) so that x 3 = 7 ^ — 1 does not divide the charac¬ 
teristic ideal of (Sel^M^ 1 j) v and all the conditions (rO)j, (n)j and (P2)j are fulfilled 

for the tuples 71 ,... , 7 j-i and 7 j. Then, from the Exact Control Theorem 13.181 and the 
Specialisation Lemma 13.291 we readily deduce the cotorsionness of the strict Selmer group 
Sel^cMpj.j as a A§ M /2L,-module, and obtain the equality 


(char A gM /a ._ 1 (Sel^S^.j) 7 ) ®Ag“/a J -_ 1 A 0 M /% = Char A c M/2t . V . 


The induction proceeds until j achieves d + 5f )P — 1, and consequently we see that 
the strict Selmer group Sel^cM ]<& d+5 7 is cotorsion as a AQ M / 2 ld+, 5 Fp -i-niodule and the 

following equality among ideals of A§ M / 2 ld +( 5 Fp _i holds: 


(3.22) fchar A gM (ScI^cm) ^ ®Ag M /%. d +8 F>p -i 

= Char Ag M /2t d+5Fp _ 1 ' 

Remark 3.36. We warn that we here exclude the case where j equals d + dp, p due to the 
constraint imposed on j in Proposition 13.351 the case where j equals d + 6p tP shall be dealt 
with later in Section 13.4.61 as the final specialisation procedure. 

Let us return to the proof of Proposition 13.351 We first observe that the condition (T2)j 
—the triviality of the dual Selmer group— is automatically fulfilled for an appropriate 
choice of 7 j. 

Proposition 3.37. Let j be as above and let 71 ,... ,jj~i be elements of Gal(F/iv*? c ) for 
which all the conditions (rO)j_i, (n)j_i and (r2)j_i stated before Provosition 13.351 are 
fulfilled. Assume further that the condition (ntrW: is fulfilled for every place of F 
contained in ££. Let 7 j be an element of G&l(F/F^ c ) such that the tuples 71 ,..., 7 -/- 1 , 7 j 
satisfy the condition (rO)j and that Xj = 7 ^ — 1 does not divide the characteristic ideal 
of the torsion part of (Sel^cMm. i) v in A§ M /2lj_i. Then the dual strict Selmer group 
Sel£* tr (.F, (7g CM /2lj7g CM )*) of {T™/%T™Y is trivial. 

Let us verify Proposition 13.351 admitting Proposition 13.371 

Proof of Proposition 13.351 Let 71 ,..., "fj-i be elements of Gal(F /F^ c ) as in the statement 
of Proposition [37351 and Ft the closed subgroup of Ga l(F/F^ c ) topologically generated by 
7 i,..., 7 j_i. Define as the set of all the elements of Tj-i := Gal {F/Ff^ c )/H with 
nontrivial images in Tj-i/(r.,_i) p . Let us denote by the finite set of height-one prime 
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) v , which 


ideals in Ag J ^ dividing the characteristic ideal of the torsion part of (Sel^Mpi. x ] 

is obviously a finite set. Meanwhile, as we have remarked in Section 13.3.21 the validity of 

( 2 ) 

the hypothesis (LEO^cMp^jj) implies the existence of a finite set Yj_\ of exceptional 
prime ideals of height one in Aq J ^ in the sense that the hypothesis (LEO^cjm [ 2 g_i][A]) is 
true for every height-one prime ideal (Ft) of Aq J ^ which is not contained in y} 2 \ . Since 


the set of principal ideals in Aq J ^ defined as { (7 — 1)Aq J ij | 7 € } is infinite, we 
can choose an element 7 j of such that the prime ideal (7 j — 1 ) in Aq ^ generated 
by 7 j — 1 is contained in neither Y^J { nor . Let us take an arbitrary lift 7 j of 7 j to 
Ga l(F/F^ c ). By construction, both the conditions (rO)j and (Tl).,- are fulfilled on the 
tuples 71 ,..., 7 j_i, 7 j of Ga l(F/F^ c ). We now complete the proof of Proposition 13.351 
since the condition (r2) j is also fulfilled on them by virtue of Proposition 13.371 □ 


, (j- 1 ) 


j- 1 " 


The remaining issue is the verification of Proposition 13.371 Let us abbreviate in the 
proof of Proposition 13.371 the continuous Ga^Fs/i^-representation /%lkT 7 ^ M )* and 

the discrete Gal(Fs/.F)-representation l*,] as T */ fc ) and respectively where k 

equals j — 1 or j. We also use the abbreviation IH^ for the 5-£ne Selnrer group 
LtI 1 (F, S, A v ^ k )) of Note that T*, k> is a free A^, M /2lfc-module of rank one on which 

every element g of Gal(Fs/.F) acts by the multiplication of Xp ! c yc ? 7 sal ( 5 , ~ 1 ) 5 , |p- First recall 
that the cokernel of the global-to-local morphism 

4> c: m ■■ H\F s /F,T* {k) ) -A Q c: ,w(F,r n * {k) ) 


is isomorphic to the kernel of the natural surjection (Sel^’ st ^ ) v —> (IH^ (fc) ) V f° r every k 
(see Section 13.3.41 for details); in particular, there exists a short exact sequence 


(3.23) 0 -- Coker (0^)) -^ (SelJ^f -- (IH\ i(fc) ) v -- 0 

for k = j — 1 or j. We consider the commutative diagram 


(3.24) 


Coker(^) 


Coker(0 


(Sel^’ str ) v 
V A ri,U- l) y 


S,str -.v 
■^>0-1) 


( Se W„- 


(nii 


-'j.O'-i)' 


(nii 


V,U~ !) 1 


0 , 


whose rows are the exact sequences (13.231) for k = j — 1 and vertical maps are multiplica- 
tion by Xj. Note that the Pontrjagin dual of the strict Selmer group Sel^’ does not 

contain nontrivial pseudonull Ag J ^-submodules due to the assumptions (rO)j_i, (n)j_i 
and (r2)j_i combined with Theorem 13.241 Since x 3 does not divide the characteristic ideal 
of (Seljj’ st ( r ) v by assumption, the triviality of the pseudonull submodules of (Sel^’ str ^) v 
implies that the middle vertical arrow of (13.241) is injective (and so is the left vertical ar¬ 
row). Thus, applying the snake lemma to the diagram (13.241) . we obtain a four-term exact 
sequence 
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where we denote by the connecting homomorphism and define C^ ^ as follows: 


(3.26) 


C (j -') := Coker 


Coker(^) Coker(</> *, 0 -i)) 


We also remark that there exists a natural commutative diagram 

(3-27) Sel^J^^ni^N 


. Sel 

b 


Sel 


E,str 

4 * 7 , 0 ) 


... 


both of whose vertical morphisms and l^ 1 are induced from the natural inclusion 
: -A rh (j) = i) of Gal(i ? 5 /F)-modules. Note that the left vertical map 

is an isomorphism due to the Exact Control Theorem 13.181 Combining the Pontrjagin 
dual of the commutative diagram (13.271) with the exact sequence (13.25[) . we obtain the 
following diagram with exact rows: 

(3.28) 




. C 0-D 


■ Coker (</>,, 0) ) ■ 






(se^ st ;,) v ■ 


(‘FV 


( 111)4 




■ 0 . 


Thanks to the commutativity of (I3.27p . a homomorphism b -A Coker(0„»,o) (the 

■* ^-str _ 

dotted vertical arrow in the diagram (13.281) 1 is induced. An easy diagram chase on (13.281) 
enables us to verify that the kernel of the induced homomorphism r c - coincides with the 
image of <5^, and therefore we obtain an exact sequence 


(3.29) 


0 




* 7 , 07 - 1 ) * 


Xj 


% 




Coker(0 », W) ) . 


Next recall that the dual Selrner group of T*^ k y 
is defined in terms of the exact sequence 
(3.30) 


which we denote by SelX-) tr for brevity, 

' ru(k) 


SeD s , tr 

'*i,« 


■Hl ts {F s /F,T 


\ ^str 


*7,(W 


Qc:,F F Fm> 


Coker(<^. »,(*)) 


for k = j — 1 or j. When k equals j — 1, the triviality assumption (T2)j_i on Sel^ tr 

'*7,0-1) 

suggests that the global-to-local morphism 4> r *,a-i) in (13.301) is injective. We thus consider 

^"str 

the commutative diagram 
(3.31) 


'‘-'str 


0 — HUFs/F, 7^„) — Q C ,U-»(F,T ' 0 _.,) — Coker(^ . ? _i>) 


-*> 0 - 1 ) 


0 -- HUFs/^T*^) -- Coker^.W-u)-- 0 . 
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whose horizontal rows are short exact sequences obtained by (13.301) for k = j — 1 and all of 
whose vertical maps are multiplication by Xj. Note that the right vertical arrow of (13.311) is 
injective since it is the same as the left vertical arrow of (13.241) . The snake lemma applied 
to the diagram (13.311) then suggests that the cokernels of its vertical morphisms form a 
short exact sequence 

(3.32) 0-- H^/xjH^ -- -- C^ -- 0 


with abbreviated notation 

(3.33) H^:=HUF S /F,X; m ), Qfa-i) ~ 


Next we shall relate the short exact sequence (13.321) with the sequence (|3.30l) for k = j, 

which concerns the dual Selrner group SellA,* 1 . To this end, we first observe that the short 

■n ,U) 


exact sequence 


(3.34) 


0 


■7"'* 

'v,U- 1 ) 


' 1 ) 


4 


v,(j) 


0 


of Gal (As/F)-modules induces the following exact sequence: 


(3.35) 


H t 1 )/" 


rrl ? * 


4, 


H, 


1 ,* ° 0 ) 
0 ) > 




We shall construct a homomorphism connecting Q*j_i)/ x jQ(j_ 1 ) w ith Q*j) i n a way similar 
to the construction of ttj 1 . Let v be a place of F contained in S and let us denote by tt^ v 
the injection on the local cohomology groups 

HUFv^j^/x.hUF,,^^) -a H^F^T*^) 

induced by the cohomological long exact sequence associated to the sequence (|3.34D . 

Lemma 3.38. For each v in S, the map induces an injection 

*%■ Qjr*^- 1 ) (F v , T^ ^j— \}) / XjQ £*P~i) (F v , F r) ^j_ 1)) > Q^ti) (Fy, 

with a cokernel isomorphic to H^ ts (F v ,T*^_^ )[ Xj ]. 


Proof. In this proof, k denotes either j — 1 or j. There is nothing to prove for a place 
*p c in ££ since the local quotient Q c *Xk){F^c^T *itself is trivial. For a place in 

Up, the local quotient Q c *,w(Fy,T *coincides with the whole local cohomology group 

Ukj.-W by definition, and thus we define the desired injection 7to be ir^ itself. 
Now let us consider a place A in S which does not divide p. If the inertia subgroup I\ acts 
nontrivially on T*(k ), or in other words, if 7/ gal is ramified at A, the /^-invariant submodule 
of T*(h) trivia-l; it is because every element g of I\ acts as multiplication of the nontrivial 
element 7? gal ( g -1 ) on each component of the rank-one free A^ M /2lfc-module T *which 

is torsionfree as a Aq '-module. This observation implies the triviality of the unramified 
cohomology group H x \ r (F\, and thus the desired map should be defined as 

7 t^ a . Finally assume that I\ acts trivially on T *^, or in other words, assume that r/ gal 
is unramified at A. Then the unramified cohomology group H^ r (F\,T*^) is just the first 
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continuous cohomology group H^ ts (D x /I x ,F*^ k \) of the procyclic group D\/I\ , and thus 
the surjection irj: —> T*^ induces an injection 

7 t ” a : H^(F x , T^^/xjH^Fx, T*^_ x) ) —► Hi(F x ,T* {j) ) 

with a cokernel isomorphic to H^ ts (D x /I x , (j_\))[ x j] due to the cohomological long ex¬ 
act sequence associated to (13.3411 regarded as the short exact sequences of continuous 
D\/I\-modules. However the procyclic group D\/I\ = Z has cohomological dimension 
one, and hence the the cokernel of 7r” A should vanish; in other words the injection is 
indeed an isomorphism. We therefore obtain a commutative diagram with exact rows 


(3.36) 


H 


4 > ur >* H 1 '* It H 1 ’* _9-0* Ir -O* _s-D 




Tjl,ur,* 




Q 

K j, A 


H m 


Q 


A ,0) 


Here H^ ts (F x ,7'* {k) ), H^ ts (D x /I x ,T* (k) ) and Q c *,w(F x ,T* (k) ) are abbreviated as H x * k): 

and Q* x ^ respectively. The commutativity of the left square in (I3.36l) is due to the 
functoriality of the inflation map H x '( k * -A- H x ’* k y by virtue of which 7rj^ A induces a map 
7 t^ a on the quotient modules (the dotted arrow in (13.361) 1. Moreover the cokernel of is 
isomorphic to that of n^ x due to the isomorphy of the left vertical map 7 t“ a . This is the 
end of the proof since the cokernel of 7rj^ A is isomorphic to H 2 (F X , T*^■_ 1 d)[xj] due to the 
cohomological long exact sequence associated to (13. 31 1) . □ 

Set 7r9 as tt^ = (t t® v ) vG s and consider the diagram 


(3.37) 


■Set 


*,str 




■ H! 


U) 


"(i) 


^str 


■Q 


U) 




n <o- 


i)L*il 


ves 


Im (57) 


. C 0-D 


■ Coker(<^) ,, 0) )-s- 0 


0 


0 
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where the left vertical sequence is the one obtained at (13.321) and we use the following 
abbreviations for each v in S, i = 1, 2 and k = j — l,j: 


(3.38) 


Sel^ tr := Sel *,y) (F, T n 

vXi) t 'str 




H 


v,{k) 




in addition to the abbreviations (13.261) and (13.331) . The top and bottom rows of (13.371) 
are the sequences (13.321) and (13.301) for k = j respectively, which are hence exact. The 
right column is the exact sequence (13.291) . Here we replace (IH^ {i _ 1) ) V [ a; j] i n (13.291) by 

Irn(<5) / ) for later convenience in Appendix [Bj The other columns are also exact due to the 
cohomological long exact sequence and Lemma 13.381 Since both the maps iij 1 and tt® 
are induced from the canonical surjection -kJ : T* ( j_ Y \ —> T*^ of the continuous Galois 
modules, the functoriality of the restriction maps guarantees the commutativity of the left 
square. We here verify the commutativity of the right square in (13.371) . 

Lemma 3.39. The right square in the diagram (13.371) commutes. 

Proof. Consider the diagram 


(3.39) 




. (jL-i)c 


Q 

v 


(SelSC.t, N) V 


0 


Q 


U) 


Coker 


(Sel 


(t| el ) v 


E,str w 

A,or 


obtained as the composition of the right square in (13.371) and the left commutative square in 
(|3.28l) . It suffices to prove that the composite square (13.391) commutes since the morphism 
Coker (4> c *,u)) —t (Sel^’ str ) v in the bottom row is injective. Now recall that we have 
canonical isomorphisms Q*j_y/xjQ*j_^ = (L str [xj]) v and Q*^ — (L str ,(j)) v via the 
local Tate duality, where we set 

^str,(fc) ^ ^'str(^i)) | | H UI (F V , A^^k')') X 11 H (F VJ A r f^f t )') 

v€S ve S vG'Sp 

v^'EpU'Ep 


for k = j — 1 and j. By construction both of the compositions 

(A<r,o-i)M) v = «o-i ,/%-%-d ——- (Sei5CL.,M v . 

(i»„, W ) v = Q'j) -» Coker(^..,„)-► (SelJ^ ) v 

of the rows in the diagram (13.391) with the local Tate duality isomorphisms are induced 
from the dual of the global-to-local restriction map 4>rW- SelT str —>• L stT r k \. Let us 

Artr ,v - ’ 

define Jf \ L str jj_y —>• L str ^ as the homomorphism induced from the canonical inclusion 
i/A Then by virtue of the functoriality of the restriction maps, we 
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readily obtain a commutative square 


-^str,(j — i) \ x j\ 


^str 




,Sel 

0 


L 


str,(j) 


^str 


Sel5’ S 7, 


whose Pontrjagin dual coincides with (13.391) . Indeed it is straightforward, from the con¬ 
struction of the local Tate pairing as the usual cup product of the group cohomology, to 
verify that the morphism tt 9 corresponds to the dual (i^) v : (T s t r ,(j_ 1 )[®j]) V —> (T str ,(j)) v 
of with respect to the local Tate duality, and thus the proof is completed. Note that 
and irj correspond to each other under the Pontrjagin duality. □ 


Now let us consider the coimage Coim(0 r *,u)) = HjC/SeCf* 1 of the global-to-local 
morphism and split the bottom row of (|3.37l) (or in other words, the exact sequence 

"^str 

(13.301) for k = j) into two short exact sequences: 


Sel) 


*,str 

./T-* 

v,U) 


H U) 


'-'str 


Q 


Coim(0 .,«)) 

•‘•'str 


0 ) 

0 


Coker {(/)*,uh 

^str 


0 . 


We define ttj 1 : H^*_^/xjH^*_ 1 ) —> Coim(0^,»,y)) as the composition of ttj 1 with the natural 
surjection HjC -» Coim(</> *,q)), and define 717* as the cokernel of 7 tf. Then diagram 

w ) gtr J J 

(13.371) splits into the two diagrams 


rb* 


(3.40) 


Sel 


*,str 

T* 

' *?,(j) 




1 ,* 

O-i) 


II 


1 ,* 

0 ) 


D U) 


^5-pM 


XV^o-i) 




Coim (cj> *,u)] 




0 


0 
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and 

(3.41) 




rl,* 




Coim(0 


^ r *,U) 


b Q 


Q 


U) 


qJ 2 ’* 


UK 


O'-i) 


ues 


Im(^) 


■ 


Coker (<f> r *,u)] 


with exact rows and columns. By applying the snake lemma to both the diagrams (|3.40l) 
and (13.411) . we obtain two exact sequences 


(3.42) 
and 

(3.43) 


0 


Sel 


rj2,* r ] P 1 # 2 /t/2,* n 


Irn(^) 


--- uy -- n 


Xn 




v£S 


^snake 


( m A, fa -/N 


Here we use the symbol “<5 sna k e ” for the composition <52 o to indicate that it is con¬ 
structed as the composition of the connecting homomorphisms derived from the snake 
lemma. Meanwhile the Poitou-Tate nine-term exact sequence (see [NSW001 (8.6.10)] for 
example) provides the exact sequence 




* w ^ m l 


0 - 1 ) 


A 


v, O-i) 


0 . 


vGS 


By taking the Pontrjagin duals and the xq-torsion parts, we obtain the exact sequence 


(3.44) 


0 -► ( m X, 0 - 1 )) V N] ^ 


Res 


U- 1 ). 


IT" 


S:.)M 


vGS 


where Res 


Y-i) denotes the usual localisation morphism. 
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Recall that the homomorphism "hpT, which is often called the Poitou-Tate morphism , is 
the one induced from the Poitou-Tate pairing. See also (IB. 61) in Appendix [B] for the defi¬ 
nition of &pt- The following proposition, whose proof is slightly lengthy and is postponed 
to Appendix [Bj is a technical heart of the proof of Proposition 13.371 


Proposition 3.40. Consider the diagram 

Res 2 ’* 

^ n^s(K,T* 0 .- 1))N 


uf —> n^s(^, 1))N 

veS 

where the top and bottom rows are the exact sequences (|3.44l) and (|3.43l) respectively, and 
the middle vertical morphism pi '^2 is the quotient map defined in the short exact sequence 
(13.421) . Then the diagram (I3.45[) commutes. 

The commutativity of the right square in the diagram (13.451) is obvious since both of the 
horizontal morphisms are induced from the global-to-local morphism 

Res S-i) : K- 1) -*■ n hufvXu-,)). 

vGS 

Concerning the left square in (|3.45j) . the top horizontal morphism 4 >pt is the one induced 
from the Poitou-Tate pairing while the bottom horizontal morphism <5 sna k e is the compo¬ 
sition of connecting morphisms derived from the snake lemma and the local Tate duality. 
Therefore we must carefully study the relation between the global Poitou-Tate duality and 
the local Tate duality to verify the commutativity of the left square. As we shall show 
below, Proposition 13.371 follows immediately from Proposition 13.401 


o-> (ni^ (J _ i) ) v K] -5^4 


(3.45) 


o- > (in^ , J v [z,i -► 

v A v,U- i)' 1 x , 

"snake 


Proof of Proposition 13.371 (admitting Proposition 13.401) . We observe from the short exact 
sequence (13.421) that the kernel of the middle vertical morphism pr ^2 in (13.451) is isomorphic 
to the dual Selmer group Sel r *,U)(F,T* f O- We now readily verify its triviality by an easy 

Astr aAJ) _ 

diagram chase on (13.451) . □ 


3.4.6. Final step: specialisation from two variables to one variable. Suppose that we have 
already chosen elements 71 ,... , 7 d+< 5 Fp -i of Gal(Fs/F^ c ) which satisfy all the conditions 
(rOjd+j^-i, (ri)rf + 5 Fp _i and (T2) d+ s Fp -i proposed in Section 13.4.51 (the existence of 
such tuples 71 , • • •, 7 d+ 5 F -1 is justified in Proposition I3.35|) . As the final step of the 
proof of Theorem 13.271 we discuss the cyclotomic specialisation of the strict Selmer group 


SelJ^ s y We have already verified in Section 13.4.51 that Sel^cM^ ^ ^ is cotor¬ 

sion and almost divisible as a AQ d+ ^ F,p -module and the equality ()3.22l) holds. In this 
situation the kernel of the natural surjection A^ M / 2 t^ +( 5 Fp _i -» A^ c is a principal ideal of 
A§ M / 2 ld+ 5 FiP -i generated by x d+5pp = 7 d +s P , p ~ 1 , where 7 d +s P , p is a lift of a topological 
generator of Ga \(F / Ff% c ) / { 71 ,.. ., 7 d+ 5 FjP -r) = to Gal (F/F^ c ). 

We henceforth denote A™/‘ ! & ( i+ 5 Fp -i by Aq +6f ’ p ^ to simplify the notation. In order to 
apply the Specialisation Lemma 13.291 to the finitely generated torsion A@ +5f ’ p '^-module 
(Sel^cM[gi (f+4 j]) V anc i tl ie P r i me ideal (xd + 5 Fp ) of Aq Z+5f,p ^ of height one, we must 


iE,str 
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verify that Xd+s Fp does not divide the characteristic ideal of (Sel^cM[<a d+4 i j) v - Until 

the previous steps we could choose a specialising element Xj = jj — 1 avoiding the prime 
divisors of the characteristic power series of the Pontrjagin dual of the strict Selmer group. 
At this final step, however, the specialising element Xd+s Fp (or more precisely, the principal 

ideal Xd+ 5 Fp A < ^' +Sf ’ p ^ which it generates) is uniquely determined, and we are not allowed 
to choose it freely. We still require the following claim: 

Claim : Let the notation be as before and let us assume the conditions (IMCj?^,) and 
(NV £ c ^ c ( 1 ^( 77 ))) (see Theorem 13.271 for details on these conditions). Then the specialising 
element Xd+s Fp is relatively prime to the characteristic ideal of the Pontrjagin dual of the 

,(W r , p -l) , . c ,S,str 

A 0 module 

Proof of the Claim. In order to prove the claim, we assume that Xd+s Fp does divide the 
characteristic ideal of (Sel^cMj 2ld+5 x ]) v and deduce contradiction. The cyclotomic spe¬ 
cialisation of the characteristic ideal 

(3.46) (Char A gM(Sel^’cM) V ) ®Ag M A cT 

= (Char A (d+s Fjp - 1 ) (Sel^cM[ 2 i d+i 5 p ^_q) V ) ® A <*+«, lP -i> 
is then trivial. On the other hand, we obtain the equality of ideals of 0 ur [[Gal(-F/.F)]] 

(3.47) Char A g M (Sel^’cM) V = Tw 7 ?ga i v ,-i(Char A cM(Sel^’cM) V ) = (Tw^-i^^))) 

by the Iwasawa main conjecture (IMCp^) for F and if. We thus see from the equa¬ 
tions (13.461) and (13.471) that the image C c Jq M (?/) of Tw pga i^-i in the Iwasawa 

algebra O ur [[Gal(F + (/i p oo)/F + )]] is trivial. On the other hand, we have already ob¬ 
served in Corollary 12.251 that the element M (p) a nonzero multiple of the cyclotomic 

p-adic L-function £p yc (i9(?y)) of i?(iy) in each component of the semilocal Iwasawa algebra 
O ur [[Gal(F + (p p oo)/F+)]] (gi Zj3 Q p . The nontriviality assumption (NV^cyc^^^) thus leads 
us to contradiction, which completes the proof of the claim. □ 

Due to the claim, we can apply the Specialisation Lemma (3.291 to (Sel^cMmi i) V 

*^77 [■^■d+Spp — lj 

and Xd+s Fp A.Q l+SF ’ p We thus observe that the strict Selmer group SeL^fyc of the cyclo¬ 
tomic deformation A p yc of r/ is cotorsion as a A^ c -module, and and obtain the basechange 
compatibility of the characteristic ideal with respect to the cyclotomic specialisation: 

(Char a cm(S el^M) V ) ® A g M Ag c = Charge(Seljj t c) v . 

This is the end of the proof of Theorem 13.271 

3.5. Application to the Iwasawa Main Conjecture. We shall prove the main theorem 
of this article (Theorem 13.411) . Firstly let us recall the notation and the settings. As in 
Section [I] let p be an odd prime number and let F + be a totally real number field of degree d 
satisfying the unramifiedness condition (unrp+). Consider a nearly p-ordinary p-stabilised 
newform / = i?(p) with complex multiplication defined on F + , which is associated to 
a grofiencharacter p of type (Ao) on a totally imaginary quadratic extension F of F + 
satisfying the p-ordinarity condition (ordp/p+). We may assume that rj is ordinary with 
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respect to an appropriate p-ordinary CM type £ of F, which we henceforth fix. Finally we 
choose and fix a branch character ip associated to i] (see Definition 13.811 . 

Theorem 3.41 (Theorem [D]). Let the notation he as above and assume that all the fol¬ 
lowing conditions are fulfilled : 

- the nontriviality condition (ntr)g; for every place fp of F contained in ££; 

- the (d + 5 f, p + 1 )-variahle Iwasawa main conjecture (IMCp^,) for the CM field F 
and the branch character ip\ 

- the nontriviality condition (NV^cm^^))) for the cyclotomic p-adic L-function as¬ 
sociated to d(rj). 

Then the cyclotomic Iwasawa main conjecture for the Hilbert cuspform i9(p) is true up to 
p- invariants', that is, the equality 

(3.48) (£ c / c (m)) = Charge (Sel^) 

holds as an equation of ideals of O ur [[Gal(F + (n p °o) / F + )]]®z p Q p . Furthermore the equality 
(I3.48|) holds as an equation of ideals of A^ c if Conjecture 12.261 is true. 

Proof. The claim follows directly from Corollary 12.251 and Theorem 13.271 □ 

Remark 3.42 (On the condition (IMCp^)). Concerning the multi-variable Iwasawa main 
conjecture for CM number fields (IMC^), Ming-Lun Hsieh [Hsil4| has recently obtained 
several results over the (d + Invariable Iwasawa algebra associated to the Galois group 
of the compositum of the anticyclotomic Z^-extension (d-variable) and the cyclotomic Z p - 
extension (1-variable). If we assume the Leopoldt conjecture, which claim that the Leopoldt 
defect 5f, p would equal zero, the Iwasawa algebra above coincides with G[[Gal(F/F)]] 
(which is isomorphic to each component of A^ M ). Thus Hsieh’s result |Hsil4l Theorem 8.16] 
combined with Leopoldt conjecture implies a one-sided divisibility relation 

/£ M (i/>) | Char^cM (Sel^cM) 

in our cases under certain technical assumptions. Also )Hsil4 , Theorem 8.17, Theorem 8.18] 
combined with Leopoldt conjecture implies the whole equality 

C J M (V>) = Char A gM(Sel^cM) 

holds in our cases under certain technical assumptions. 


Remark 3.43 (On the nontriviality of the cyclotomic p-adic L-functions). We here discuss 
the validity of the nontriviality condition (NV/) for general Hilbert cuspforms. As in 
Theorem 12. 151 let / be a normalised nearly p-ordinary eigencuspform in 5^(91, e; Q) which 
is stabilised at p. If the region of the convergence of the (twisted) Dirichlet series 


(3.49) 


LtfA - 1 


«)- £ 

nCt F+ 


C{a\ f)<f> x (a) 

A/V 


contains at least one of K™ ax + l,K™ ax + 2,... , ft 2 ,min> the cyclotomic p-adic L-function 
C c p c {f) associated to / is obviously nontrivial. Indeed the value L(f,cp,j ) of the (com¬ 
plex) L-function at such a point never equals zero, and hence the nontriviality of C C p C {f) 
immediately follows from the interpolation formula (12.141) . The Ramanujan-Petersson 
conjecture for Hilbert modular forms, which was verified by Brylinski, Labesse |BrLa841 
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Theoreme 3.4.5] and Blasius [B1061 Theorem 1], suggests that the Dirichlet series (13.491) ab- 

r K i 

solutely converges in the region Re(s) > + 1 , and thus the nontriviality of the cyclotomic 

p-adic L- function of Cp' c (f) is automatically deduced when the inequality 

[k] 

N2,min > -h 1 

holds. In contrast, it is very hard to verify that the critical values L(f, q i, j ) of the (complex) 
L-function do not vanish when none of the critical points are contained in the region of 
convergence. For elliptic modular forms, Rohrlich has verified the nonvanishing of such 
critical values in general situations |Ro841 [Ro 88 | . and thus the condition (NV/) is fulfilled 
for elliptic modular forms. For Hilbert modular forms, however, there have not been enough 
results yet to verify the condition (NVj) for general /. 

Appendix A. Complex multiplication of Hilbert modular cuspforms 

Let F + be a totally real number field and consider a Hilbert eigencuspform / defined 
over GL(2) F + of cohomological weight k, level 04 and nebentypus e, and suppose that [k] 
is strictly greater than zero. We further assume that / is a primitive form in the sense 
of Miyake }Mi7lj . and denote by Qf the Hecke field associated to /. Then due to results 
of many people including Ohta [Oh83] . Carayol [Ca 86 | . Wiles [Wi 88 j . Taylor |Tay89| and 
Blasius and Rogawski (BlRo94| , we can canonically attach to / a strictly compatible system 
(Pf,x)x of 2-dimensional A-adic representations of the absolute Galois group Gp+ of F + ; 
namely, for each finite place A of F + with residue characteristic £, the 2-dimensional A-adic 
representation 

Pf,x - Gp+ —>■ AutQ /jA V/ ) A 

is unramified outside £94 and characterised by the formulae 

Tr/£>/,.A(Frob q ) = C( q; /), det p/, A (Frob q ) = X^e+ 1 (^ ob q) 

for each prime ideal q of F + relatively prime to £94 where Xi,cyc denotes the £-adic cyclo¬ 
tomic character. Further, each Galois representation pf\ is known to be irreducible (see 
|Tay95] Theorem 3.1]). 

The following statement is widely known for elliptic modular forms due to Ribet [Ri77] . 

Proposition A.l. Let f be a primitive Hilbert cuspform as above. Then the following 
three statements on f are equivalent ; 

(1) the primitive form f has complex multiplication ; 

(2) the absolute Galois group Gp+ contains an open subgroup H of index two such that 
the image of H under the associated X-adic Galois representation pf\ is abelian 
for every finite place A of Qf-, 

(3) there exist a totally imaginary quadratic extension F of F + and a primitive grofien- 

character rj (in the sense that the modulus of rj coincides with its conductor ) of type 
(A 0 ) on F such that f coincides with the theta lift i}(rj) of rp Furthermore there 
exists a CM type £ of F such that the groflencharacter r) is admissible with respect 
to T, and its infinity type is described as + cr + ^ 5 -es c K 2 ,a\ F+ o'- 

In the cases above, pf t \ is isomorphic to the induced representation Indp + r/ gal of the 
l-dimensional X-adic representation ry gal : Gf -a- which corresponds to the i-adic 

avatar rjf of the groflencharacter rj of type (Ao) introduced in (3). Here we consider the 
£-adic avatar fje with respect to a specific embedding Q Q t which induces X on Qf. 
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The proof of the proposition proceeds analogously to Ribet’s arguments in [ Ri77 , Sec¬ 
tions 3 and 4], It is based upon a precise study of the Galois representation pj\\ associated 
to the Hilbert modular cuspform / with complex multiplication. 


Remark A.2. Due to the lack of appropriate references, we decided to give a proof of 
Proposition IA.1I in this appendix. After the first redaction of the article, we learned that 
some of the results in Proposition lA.il say the equivalence between the statement (1) and 
the statement (3), has been already proved in [LL791 Proposition 6.5] with the language 
of automorphic representation. We still leave the proof of Proposition IA. II below believing 
that the proof with the language of Galois representation has its own value. 


Proof of Proposition IA.ll We first prove that the statement (3) implies the statement (1). 
Assume that / is obtained as the theta lift $( 77 ) of a primitive groBencharacter r\ of type 
(A 0 ) defined on a totally imaginary quadratic extension F of F + . Then one easily observes 
by the construction of the theta lift (refer to Proposition 12.131 for details) that the Fourier 
coefficient C(q, -$(7?)) at a prime ideal q of F + equals zero if and only if q is inert or 
ramified in F, or equivalently, the evaluation of the quadratic character v F / F + '■ ^ F + —t C x 
associated to the quadratic extension F/F + at q equals either 0 or —1. This is equivalent 
to the validity of the equation (12.711 when one replaces the character v appearing in (12.711 
by the quadratic character u F j F +. 

Next we prove that the statement (1) implies the statement (2). Assume that / has 
complex multiplication by a nontrivial groBencharacter v on A^, + : then v is a quadratic 
character (see the arguments in Section 12.1.511 . The equation (12.71) for each q in a set of 
prime ideals of F + of density one implies that the traces TV pj ^(Frobq) and TV /9/® l /,A(Lrob q ) 
coincide for each q in the same set of prime ideals. Since both pp \ and Pf%, u .\ are irreducible 
by |Tay95 Theorem 3.1], Gebotarev’s density theorem suggests that they are isomorphic to 
each other as A-adic representations of G F +. In other words, there exists a (2 x 2)-matrix 
M in GL 2 (Q/ i a) such that the equality 

(A.l) pf,\{g) = Mp f ^x{g)M~ 1 = iy(g)Mp ftX (g)M~ 1 


holds for an arbitrary element g of G F + when we fix noncanonical identifications Vf \ = 
and Vj { 2 ) Vt x — Q®Let us denote by H the kernel of the quadratic character u, which is 
a subgroup of index two of G F +. Take an element go from the complement of FI in G F + 
and set T = pj^xigo)- We then obtain the equality T = -MTM -1 by (IA.1I1 . from which 
we readily observe that M is semisimple but not a scalar matrix. The equation (IA.1D also 
implies that the image of Ft under pf y x is contained in the commutant of the semisimple, 
nonscalar matrix M, and thus it is abelian. The subgroup Ft satisfies all the required 
condition in the statement (2), and hence the statement (2) follows from (1). We remark 
that since H is defined as the kernel of the rational quadratic character u, it is determined 
independently of the choice of a finite place A of Qf. 

We finally verify that the statement (2) implies the statement (3), which is a crucial part 
of the proof. Suppose that G F + contains an open subgroup H of index two such that the 
image of H under each A-adic representation pf^\ is abelian. Let F denote the subfield of Q 
corresponding to H, which is a quadratic extension of F + . By assumption, the restriction 
Pf,x\n of Pf t x to Ft is a semisimple, abelian A-adic representation of Ft for every finite place 
A of Qf, and therefore Pf,x\H is locally algebraic due to the local algebraicity theorem 
proved by Serre ) Se98l Chapter III. Section 3.] and Henniart (He82 ( Section 6.]. In other 
words, there exists a morphism of algebraic groups r: § m /q f —t GL( 2)/q giving rise to 
the strictly compatible system (pf t x\ii)x of the A-adic representations P/,x\h of Ft. Here 
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§ m /Q denotes Serre’s algebraic group associated to the field F and an appropriate integral 
modulus m of F (called the modulus of definition) and § m /Q denotes its basechange over 
Q f. Serre’s algebraic group § m /Q is by construction an extension of the ray class group 
Cl(-F) m of F modulo m (regarded as a constant group scheme) by a certain algebraic torus 
T m defined over Q, and it is in particular of multiplicative type. See [ Se98l. Chapter II] 
for details on properties of § m /Q. The algebraic representation r is thus (Q/-rational and) 
semisimple; namely there exists a Q^--rational pair of algebraic characters (?y als , ry^' 8 ) °f 
§m/(Q (in the sense that the summation 7y alg + rj^ is invariant under the natural action 
of Gal(Q/Q/)) such that r is isomorphic to the direct sum ry alg © over Q- Tor each 
i = 1,2 and each finite place A of Qy, let ry gal denote the 1-dimensional A-adic representation 
associated to ?y als , and let rji denote the grofiencharacter of type {Aq) on F associated to 
r}f". Then by construction rjf 3 ^ is the Galois character of H associated to the Cadic 
avatar fjj£ of rji , and Pf,\\H is equivalent to the direct sum of rjf a ^ and ry| a ^. Now let c 
denote the generator of the quotient group Gp+/H , and let us take its arbitrary lift c 
to Gp+. We define the c-conjugation Pf,\\ c H of P/,a|h by Pf,\\ c n{h) = pf t \\H{chcT l ) for 
each element h in H. Note that Pf,x\% is well defined independently of the choice of c. 
Then, since pf t \ is defined on Gp+, the trace of Pf,\\p obviously coincides with that of 
Pj,\\h- Furthermore both pj t \\H and Pf,\\ c H are semisimple, and hence they are isomorphic 
to each other by Cebotarev’s density theorem. Consequently either of the followings two 
cases occurs: (rf x = 77^ for i = 1,2) or (yyj A = 772 , a and 773 a = If the former case 

occurs, the equality pf^ch) = pf \(hc) holds for every h in H. This means that pf t \ is 
an abelian representation of Gp+, which contradicts the irreducibility of P/,a- Therefore 
the latter case does occur, and in particular the conjugation by Pf,\(g) corresponds to the 
interchange of and if g is an element of the complement of H in Gp+. From this 
fact we readily verify that the image Pf,\(g) of such g is conjugate to a matrix both of 
whose diagonal entries equal zero, and thus Tr pj^Frobq) is trivial for a prime ideal q of 
F + which inerts in F. If a prime ideal q of F + splits completely in F, on the contrary, the 
decomposition group at q is naturally identified with H. Combining these observations, 
we obtain the following formula for each prime ideal q which does not divide IAX (note that 
Tyf^FroFo) = 7/f^(cFrobQC -1 ) = ryf^FrobQc) holds): 


(A.2) TVp /iA (Frob q ) 


Tyf^Frobij) + ryf^FrobQc) if q splits in F as q = Q£J C , 
0 otherwise. 


This calculation (combined with Cebotarev’s density theorem and the irreducibility of Pf t \) 
implies that pj t \ is isomorphic to the induced representation Ind^ F+ ?y^ of 77 ^. We remark 
that this is canonically extended to an isomorphism between the strict compatible systems 
(pf t a)a and (Ind^ F+ 7y® a ^)A; namely, pj.\ is isomorphic to Ind# F+ 77 ®^ for every finite place A 
of Q f which is not contained in either of the exceptional sets of the two strictly compatible 
systems. 

Now, we verify that the field F corresponding to the subgroup H of Gp+ is a purely 
imaginary quadratic extension of F + (and thus F is in particular a CM number field). 
Indeed if F is not purely imaginary over F + , every algebraic character of T m is described as 
an integral power of the norm character (see |Se98l Chapter II, Section 3.3]). In particular, 
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each A-adic character 



is described as 



—71- 

Xt. 


cycV(x 


for a certain integer n* and a certain character pj, of H of finite order. Then the determi¬ 
nants of pf t \ and Ind^ F+ pf 3 ^ are calculated as follows: 

det^A = = *eSc £ +’ 

det (lnd^' + r/f5) = pgrg = Xuyc^^l.A.x) 


where denotes the finite part of e§_ al . Since these two 1-dimensional A-adic representa¬ 
tions must coincide, we obtain the equality n\ + ri 2 = [re]. Furthermore the equation (IA.2D 
implies that 

C( q; /) = Trp^A(Frobq) = ??{ A (£2)Afq ni + p{ x (0)N(\ n2 

holds for each prime ideal q of F + which splits completely in F as q = £3£} c (recall that 
X^cyc(Frobq) equals A/"q -1 ). By virtue of the Ramanujan-Petersson conjecture 

|C(q;/)|<2ATqM/ 2 


established by Brylinski, Labesse |BlRo94l . Theoreme 3.4.5] and Blasius [B106L Theorem 1], 
both n\ and 712 must be less than or equal to [re]/2. We thus conclude that, combining this 
observation with the equality n± + ri 2 = [re], both n± and n 2 equal [re]/2. More specifically, 
the restriction Pf,x\H is equivalent to the A-adic representation of the form 


(t 


% xj 


to V -W / 2 
™ W,cyc > 


which has a finite image in PGL2 (Q/,a)- This contradicts the fact that pj s \ has an infinite 
image in -PGT 2 (Q/,a) (one readily verifies this fact in the completely same manner as |Ri771 
Theorem (4.3)]), and thus the field F corresponding to H is purely imaginary over F + . 

Next, we verify that the infinity type p = Pa<J of p is described in terms of the 

weight of / by setting 77 = 771. To this end, we take a finite place p of F + which satisfies 
the following two properties: 

i) p the prime ideal p is contained in neither of the exceptional set of the strictly com¬ 

patible system (/9 /,a)a nor that of (Ind^ F+ r/| al )A; 

ii) p the unique prime ideal pZ of Z lying below p splits completely in the extension 

F/Q. 


The existence of such a finite place p is guaranteed by Cebotarev’s density theorem. Now we 
fix an algebraic closure of the completion T p + of F + at p and an embedding t p : Q Q p . 
For each embedding r: F + Q (that is, r is an element of Ip+ under the notation 
of Section 12.1.11) . let p T denote the finite place of F + lying above pZ induced by the 
composition l p ot: F + Q p . Note that, due to the condition ii) p on p, the correspondence 
r Ap r induces a bijection between I F + and the set of prime ideals of F + lying above pZ. 
Let Ao denote the finite place of Q/ induced by the embedding Q/ C Q 4 Q p and let us 
consider the isomorphism 
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of the Ao-adic representations of G F +. It is obvious from their constructions that both of 
Pf,x 0 \o PT and (Ind^ F+ p|^ )\d Pt are Hodge-Tate representation of D Pt for each r in I F + , and 
we shall compare the Hodge-Tate weights of these representations. As we have remarked 
in the paragraphs preceding Remark 12.41 the Hodge type at r of the motive M{f)/ F + 
associated to / is given by { (ki, t , K 2 ,t), (^ 2 ,t) «i,t) }> and we thus see that the Hodge- 
Tate weights of Pf.x 0 \o VT are { ki > t , K2 ,t } via the comparison isomorphism in p-adic Hodge 

theory. Now let us study the Hodge-Tate weight of (Ind^ F+ 77 ^ 1 )|£) pT for each r in I F +. Let 
w T denote the unique (complex) place of F lying above the real place of F + determined by 
t, which is identified with the pair { oy.i ; <t T 2 } of embeddings of F into Q whose restrictions 
to F + coincide with r. Then the p-adic embeddings t p oa Tt i and i p oa T) 2 of F induce distinct 
prime ideals ^ T .i and which are interchanged by the complex conjugation. Recall that 
the Hodge type at w T of the motive M(p)/ F associated to the groBencharacter rj of type (Ho) 
is given by { (av.h (/V r , 2 , ) } ( see [1^186. Proposition (3.2.3)] or [Sc 86 ] Chapter 1 , 

Section 4] for details). Since (lnd H F+ pf^)\ F f, T is isomorphic to pf ^\© pf^ I D y 2 > 

we readily see that the Hodge-Tate weights of (Ind^ F+ 77 ^ 1 )|£) pT are {/v T ,u P<r T 2 }• By 
comparing the Hodge-Tate weights, we can consider without loss of generality that the 
two integers «i )T and « 2 ,r coincide with p aT l and /v T , 2 respectively. Furthermore the 
inequality n\ iT < k, 2 , t holds for each r in I F + since we have assumed that the weight n of / 
was cohomological. Therefore if we set E = { o>q : F Q | r G I F + }, it is straightforward 
to verify that E is a p-ordinary CM type of F with respect to which the infinity type p of 
the groBencharacter ij is admissible. Moreover we readily redescribe /r in terms of k and E 
as in the statement (3). 

Finally, we verify that the primitive form / is described as the theta lift of r?. Since the 
infinity type of t] is E-admissible, we have the theta lift ^(rj) of ij by Proposition-Definition 
12.131 The construction of r/ implies that the local L-factors of / and ^(p) coincide at every 
prime ideal q of F + which splits completely in F. and we thus conclude that / and i9(r] ) 
coincides up to a scalar multiple due to the strong multiplicity one theorem for Hilbert 
modular forms. However both the Fourier coefficient at tp+ of / and that of $( r /) equal 1, 
and hence the primitive form / exactly coincides with the theta lift i!)(p) of r]. □ 

As an application of Proposition IA.11 we can deduce conditions for the primitive cusp- 
form d( 7 1 ) with complex multiplication to be nearly p-ordinary. In the following proposition 
we fix a p-adic embedding l p : Q 

Proposition A.3. Let p be a prime number and f a primitive Hilbert modular cuspform 
as above. Then f is nearly p-ordinary (with respect to l p ) if and only if there exist a totally 
imaginary quadratic extension F/F + satisfying the ordinarity condition ( ord F / F +) for the 
prime number p, a p-ordinary CM type E and a 'E-admissible grofiencharacter r] of type 
(Ao) on F ordinary with respect to E such that f is obtained as the theta lift d{rf) of p. 

Proof. We can easily verify that the condition is sufficient. Indeed, let F/F + , E and p be 
as in the statement. By the characterisation of the Fourier coefficients of the theta lifts, we 
readily see that, for every prime ideal p = lying above p, the eigenvalue Co(p; d(p)) of 
the normalised Hecke operator Lo(p) at d(p) equals the summation of {p^’ 1 } -1 ^*^) and 
{p K/i ’ 1 }^ 1 7 /*( < ^ c ). Note that the value {p K ' i ’ 1 } _ 1 r/*(fp) does not vanish since p is unramified 
at the unique place ^3 in E p lying above p due to the ordinarity of p with respect to 
E. Moreover we readily observe by construction that {p^’ 1 } -1 ^*^) has the same p-adic 
valuation with the evaluation py(m<$) of the ^-component of the p-adic avatar p of p at a 
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uniformiser zu<p of F<p. Therefore Co(p; $( 77 )) is a p-adic unit for each p and consequently 
$( 77 ) is nearly p-ordinary. 


Conversely let / be a nearly p-ordinary Hilbert modular cuspform with complex mul¬ 
tiplication, and let us take a totally imaginary quadratic extension F/F + , a CM type E 
and a E-admissible grofiencharacter 77 of type (Ho) on F as in Proposition IA. ll then / is 
obtained as the theta lift of 77 . We denote by Vf the Galois representation associated to 
/, which is isomorphic to the induced representation Ind^ + ? 7 gal by Proposition IA.1I First 
assume that there exists a place p of F + lying above p which does not split in F, and let 
denote the unique place of F above p. Since we can regard the decomposition group 
Di p of Gf at fp as a subgroup of the decomposition group D p at p of index 2, we readily 
identify the restriction of Vf to D p with the induced representation Ind^J 5 77 gal | f> , which is 
obviously irreducible. Therefore Vf \d p admits no one-dimensional F> p -subrepresentations. 
This contradicts Proposition 12.111 and thus all places of F + lying above p split in F. In 
other words, the quadratic extension F/F + satisfies the condition (ord F /p+) for p. 

We next prove that £ is a p-ordinary CM type. Let p be a place of F + lying above p, 
which splits completely in F as p = by the arguments above. The quadratic equation 
1)2.61) in Proposition 12.111 has two roots w p K 1 ’ v rj*(^) and vu p hl,p 77 *(^ c ), one of which is 
a p-adic unit due to the near p-ordinarity of / = $( 77 ). We can assume without loss of 
generality that vo p K 1 ’ P 77 *(<P) is a p-adic unit. Define E<p and E| } as follows: 

£«p = {aGT,\b p oa induces ,..., a s }, 

£^2 = { u € E c | o a induces } = { a s+ i,..., a s+t }. 

We shall verify that is empty, or in other words, that t equals 0. Since p splits in F, 
the decomposition group D p at p is contained in Gf, and thus the restriction of Vf to D p 
is isomorphic to the direct sum of r) ea] \ and Therefore the equation (12.61) in 

Proposition ^. Ill suggests that ? 7 gal (Frob TOp ) = fj(w< p) coincides with w p hl ' v r]*(ty). Here we 
identify F p + with Fp and define the uniformiser w qj of Fp as w p via this identification. By 
the definition of the p-adic avatar (|2.2D . we have 


(A.3) 


-/ \ £i=l £3 = 1 Mcr s+ - a 

rj{my) = my ^ 77 


(V) 


where we denote by p = the infinity type of 77 . On the other hand, since 

K] = 1 equals /V 7 ! f+ by the characterisation of the weight of the theta lift (see 

(12.81) for details), we have 


(A.4) tu p Kl 'V0P) = t^p^VCP). 

Comparing the exponent of ru<p in the equations (IA.3D and (IA.4D , we obtain the equality 


t 

'y ' (^Vs+i—^Us+j )~ b. 

3= 1 


The E-admissibility of 77 implies the inequality Pa- s+j > Ha s+j for each j, which forces t to 
be 0. Therefore the CM type E is indeed a p-ordinary CM type. 

Finally since vo p K1 ’ v r]*{ *p) is a p-unit for every place p = of F + lying above p, the 
value ??*(*$) does not vanish for every ^ in E p . This implies that the grofiencharacter 77 is 
ordinary with respect to E. □ 
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Appendix B. Comparison of the global and local duality pairings 


In this appendix we provide the proof of Proposition 13.401 We take over the same setting 
and use the same notation as in Section 13.4.51 Firstly we recall that, as is explained in 
the preceding paragraphs of [GrlOl Proposition 3.3.1], the Pontrjagin dual of the cokernel 
of the global-to-local morphism 1 ) is identified with the image of the global-to-local 

^str 

map 


Res 


(i-l)lseG’ str 

>7.O'- !) 


Sel 


E,str 

•A?,O'- 1 ) 


L s tr(F, A/,0'—1)) 


C II 


v eS 


via the local Tate duality isomorphism 

‘hlocal = (^local,lOueS ■ || H (F v , 1)) ^ J_ J_ H c t s {F v , 7^o_l)). 

ves v£s 

In other words, the summation of the local Tate pairing 

(> ) local = ; )v '■ JJ H (F v , Aj,(j— i)) x IT ^(^,^ 0 - 1 )) “4► Qp/Zp 

v£S ves vGS 

induces a perfect pairing 

(, )local • Imf ResJ ? _ 1 )| Sel E, s tr J x Coker(0 £ ,.o-i)) -A Qp/Z p , 

' A;,O'- 1 )' str 

for which we use the same symbol (, )i OC ai to simplify the notation. Since the module Cb'- 1 ) 
introduced in the diagram (13.281) is defined as the cokernel of the multiplication of Xj on 
Coker((/> *,o-i)), the perfect pairing (, )i oca i above also induces a perfect pairing 


(Jlod^^XC^-lQp/Zp 


where K.^ b is defined as 
(B.l) := Ker 


Im ( R es^_i) | geiS,an 

rf,0‘—i) 


% Im f Res^,) | Sel s,str 

7,O'- 1 ) 


Now consider the commutative diagram 
(B.2) 


/Cb'-P 


in 


"^*7.0 —U 


A Sel 


£,str Res (j-i) 

A / • 

‘ Al 77.( 7 — 


— !) 


1 (Res^-i) 


> Imi nesro-n | Sel s, 8 tr 

'S.O'-U 


A 0 


ink 

—i) 


A Sel 


£,str Res O-i) 

A / • 

-^77 . ( 7 — 


V,(j — 1) 


> Im(ReS( 3 -_ 1) | Sel E.at: 


A v,u-1) 


A 0 


nil , Jx,ui\ , , -> 0 

Ar),(j — 1) < J -^77iO' — 1) 

whose rows are exact by the definition of the S'-hne Selrner group III^ . We denote 
by 

Si : -» ni^ /xjin^ 

" H '7,0- 1 )' j 'VO” 1 ) 

the connecting homomorphism associated to the diagram (1B.2I) through the snake lemma. 
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The diagram (IB.21) is obtained as the Pontrjagin dual of the diagram of (13.241) . and we 
thus observe that the connecting homomorphism d ] 7 in the diagram (13.281) is obtained as 
the composition 

(B.3) —- cb-b 

where df denotes the dual morphism of S\ and $i oca i is the isomorphism induced by the 
perfect pairing (,)i oca i- By construction the local Tate duality map <hi oca i isomorphically 
sends the image of J ) 7 onto that of <5^, or in other words, the perfect pairing (, )i OC ai induces 
a perfect pairing 

( , )local ■ Coim(di) x Im(^) -A- Q p /Z p 
which makes the following diagram commutative: 

(B.4) /cCi- 1 ) x CB"B- ( ’ >local > Q P /Z P 

Coim(i5i) x Im(^)-—-^ Q p /Z p . 

\ j /local 

_. _ 2 ^ 

Recall that we have defined the (injective) morphism 5 2 : Im(d) 7 ) —>• TLf as the con¬ 
necting homomorphism associated to the diagram (13.411) via the snake lemma. See the 
paragraph preceding the short exact sequences (13.421) and (13.431) for the definition of the 

module 'H7 . Let III4-* denote the kernel of the local-to-global morphism 

J Vo- 1 ) 

R <-1 r H u-i) -* n 

vES 

Combining the short exact sequence defining UI^-. and the sequence (13.431) with Im(<5) / ) 

V(j—1) 

replaced by Im^), we obtain the following commutative diagram with exact rows: 


0 


0 


Vo-u L-B 


Res 


O-l) 


P r m 2 

- Im(<5 2 ) c 


n 


P r ff2 

■ 2 ,* 


n a?, 

vES 


vES 


0 


0 . 


We readily observe that the middle vertical morphism pr^ 2 , which is dehned in (|3.42l) . 

induces a surjection pr m 2 : III %-* -» Im(<!> 2 ). Note that the right commutative square 

VO-i) _ 

of the diagram above is the same as that of the diagram (13.451) . The rest of this appendix 
is devoted to the verification of the following proposition. 


Proposition B.l. Let 

(Opt: 


v.O-i) 


X III 


T 


»?,0-i) 


Xj 


be the perfect pairing induced from the Poitou- Tate pairing III (4 
Then the equality 
(B.5) 


Qp/Zp 

, , x m 2 r 

TJ.O—!) ~ 




(Qp/Tip 


{(s v ) v eS 1 (tv')vEs}locai (<^1 ((SLUGS') j *^2 ((tv) vEs)~) 


PT 
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holds for arbitrary elements ( s v ) ve s and (t v ) ve s in Coim(^i) and Im(5^) respectively, 
where S 2 ((t v ) V £s)~ denotes an arbitrary element of U1 2 (F, S,T*^_^)[xj] which is sent 
to S 2 ({t v ) V £s) by the map pr m 2 introduced above. In particular the perfect pairing { , )pt 
induces a pairing 

* Mfc) —* «»/ z p 


which makes the following diagram commutative: 


Coim(e)i) 


Si 


m\ , j Xj m\ , , 




v,(i- 1) 


Im (6f) - ( ’ )local > Q P /Z P 


rJ>2 

Im(<5 2 ) ■■■■ 
P r m 2 


nif 


Vtti- 1 ) 


< .>PT 


- Qp/Zp 

■ Qp/Zp. 


We readily observe that Proposition 13.4UI is a direct consequence of Proposition lB.il As 
we remarked after Proposition 13.41)1 the right square of the diagram in Proposition 13.401 is 
obvious and we only need to check the commutativity of the left square of the diagram in 
Proposition 13.401 Let f: Hl\ —> CL/Z™ be an arbitrary element of fni\ 

and a an arbitrary element of IUf /xjlllf ( . Then there exists a unique element 

b of Coim(di) satisfying 5i(b) = a. By definition the duality isomorphisms d'locai and 4 >pt 
are characterised by the relations 

(B.6) 5 1 v (/)(6) = <6, n> local (5f (/))> local , f(a) = (a, $ pt (/))pt. 

Proposition IB. 1 1 thus provides the following equality: 

(a,* pt(/))pt = /(a) = f(6 1 (&)) = S^(f)(b) 

= {b,®\oca.l{8i(f)))locai 

= {di(.b),52(®ioca,i(di (/)))~)pt (here we apply Proposition lB.il) 

= (a,<5 2 ($ local ( ( l 1 v (/))r)p T . 

The perfectness of the Poitou-Tate pairing thus implies the equality 
(B.7) < h PT (/) = <5 2 (<I> local ( ( 5 1 v (/)))-. 

Since the connecting homomorphism d sna k e appearing in Proposition 13.401 is decomposed 
as ^snake = 5 2 ° ‘hiocal ° <5^ due to (13.431) and (IB.31) . we finally deduce the desired equality 

WH 2 ° ^PT(/) = ^(^local^(/))) = <5snake(/) 

by applying pr m 2 (= pr^) to the both sides of (IB. 71) . The final equality shows the com¬ 
mutativity of the left square of the diagram in Proposition 13.401 

The proof of Proposition IB. II requires a little lengthy computation. We first calculate 
the cohomology classes Si((s v ) v ^s) and explicitly, and then check that the 

value (6i((s v ) ve s),8 2 ((t v ) ve s)~)pT coincides with ((s v ) vG s, (tv)vGs) local by a direct compu¬ 
tation. In order to estimate the value ($1 ((safes'),5 2 ((t^)^es)~)pT ; we utilise the explicit 
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formula of the Poitou-Tate pairing (, )px: III "4 x III 7 -* —> Q„/Z„, which we re- 

call below (see [Tat, 6 .'11 Section 3] for detailqj). In the rest of the article, we denote by 
C*(G, M) the standard cochain complex of a continuous G- module M over a prohnite 
group G , and by cLm (or just d if it is clear from the context) its coboundary homo¬ 
morphism. Let [/] be an element of HI^-* represented by a continuous 2-cocycle / 

'!•(./ 1 ) 

in C 2 (G&l(Fs/F),T*^_ 1 j), and [/'] an element of Hll^ ^ represented by a continuous 
1-cocycle f in C 1 (G&l(Fs / F), A, n ,(j~i))- For each v in S, we denote by f v the restriction 
of / to the decomposition group D v at v. Since [/] is locally trivial at v, there exists a 
1 -cochain g v in C 1 (D V ,T* satisfying dg v = f v . Recall that F has no real places, 
which implies the triviality of the global cohomology group H 3 (Fg / F , g p oo ) (see [ NSWOO . 
(8.6.10) (ii)] for example). Thus there exists a 2-cochain h in C 2 (Gal(Fs/F), gP ) satisfy¬ 
ing dh = f U /. Then the value ([/'], [/])pt is explicitly calculated as 

(B.8) <[/'], [/]) PT = £{-/£ U g v - h v } v 

veS 

where, for each v in S , h v denotes the restriction of h to the decomposition subgroup D V: 
and { • }„ : H 2 (F V , g p 00 ) —> Qp/Zp is the invariant isomorphism at v. 

Now let us calculate Si((s v ) ve s) and <*> 2 ((t v )ves)- 
Calculation of 5 i((s v ) V £s )• Let (s v ) V £g be an arbitrary element of Coim(5i). There 
exists an element [z] of Sel^’ st ( r , represented by a 1-cocycle z in C 1 (Ga\(Fg/F),A v ^j-i^), 
which is sent to (s v ) ve g by ResT 1 .. Then, following the definition of the connecting 
homomorphism 5\ given at the diagram (IB.21) . the evaluation of 62 at (s v ) v ^g is calculated 
as 

Si((s v )ves) = [xjz] mod 

For each v in S, we denote by z v the restriction of the 1-cocycle z to the decomposition 
group D v at v. 

Calculation of S 2 ((t v ) v ^g )• Let (t v ) vl =g be an arbitrary element of Im^). We calculate 
$ 2 ({tv)ves) by the diagram chasing on (13.3711 (or on (13.411) 1. For each v in S , take a cocycle 
w v of C 1 (F v ,F*(j_ 1 \) so that the element represented by the cohomology class ([ic„]),, e s in 

is sent to (t v ) v& s under the natural surjection Q\j_i)/ x jQ\j_\) CL -1 ). Here we 

use the same symbol (t v ) v£ g for its image in CL -1 ). Denoting by w v the image of w v under 
the surjection C 1 {F v ,T*^_ V) ) -» C 1 (F V , T*^), we have irf{([w v ]) ve s) = ([w„])„ e s. Then 
the diagram (13.4111 implies that there exists a unique element g of Coim(0 *,y)) satisfying 

^str 

_ 2 * 

(p r *,U)(g) = ([u^DueS- The image of g in Hf is none other than S r 2 ((t v ) v es) by definition. 

We do a little more precise computation. Let us take an arbitrary lift g of g with respect 
to the canonical surjection H^j* -» Coim( 0 ^.*,y)), which is represented by a 1 -cocycle w in 

C 1 (G&1( F? / F).T* ^ jL Then the diagram (13.401) imolies that the imaee of 8 0 )(N) in rf* 
coincides with S 2 ((t v ) v es)- In other words, S'qQri)]) is regarded as a lift S 2 ((t v ) ve s)~ of 
62 ((t v )v^s)- The element S, 1 ^(['«)]) is, however, calculated in the usual manner; namely, if 

^Indeed the explicit description of the Poitou-Tate pairing is proposed only for finite Galois modules in 
|Tat63| and other literatures, but it is straightforward to justify the same description under our settings by 
the standard limit argument based upon Tate’s theorem on the inverse limits of Galois cohomology groups. 
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we take a 1 -cochain (not necessarily a 1 -cocycle) w of C 1 (Ga\(Fg/F)^_ 1 )) which is sent 
to w under the natural surjection C 1 (Gal(Fs/F),T*^_^) -» C 1 (Gal(Fs / F),T* , the 
image 8 ^([h)]) of [ID] coincides with [xj 1 dw\. Note that the lift S 2 ((t v ) V £s)~ of 62 ((t v )ves) 

is determined uniquely modulo SeP™ r , but this ambiguity corresponds to that of the 

vXo) 

choices of lifts g = [re] of g. Therefore each 82 ((t v ) v &s)~ is obtained in this procedure, 
or more specifically, we obtain an explicit description of an arbitrary lift 82 ((t v ) ve s)~ of 
82 ((tv)ves) as [xj 1 dw\, for an appropriate w as above. 

Replacement of local cochains. As we have obtained explicit descriptions of 
and 82 ((t v ) vG s)~ , we evaluate these elements under the Poitou-Tate pairing: 

(B.9) { 8 i((s v ) veS ), 82 ((t v ) ve s)~)pT = ([xjz\,[xj 1 dw]} PT - 

In order to apply the explicit formula (IB. 81) to (IB. 91) . we need to find a 1-cochain w v of 
satisfying the equality dw v = x- 1 dw v of cocycles for each v in S, where w v 
denotes the restriction of w to the decomposition group D v . In order to find such a nice 
1 -cochain w v , we first study the relation between w v and w v , the cocycle which we first 
took in the computation of S 2 ((t v ) v ^s) above. 

Lemma B.2. For each v in S, there exist 1-cochains t v and c v in C 1 (F V ,T*^_ 1 ^) satisfying 
the following two properties. 

( 1 ) the image of £ v under the canonical surjection C 1 (F V ,T*^_ 1 ^ ) - C\Fy,T* {j) ) is 
a 1 -cocycle representing a cohomology class contained in L stT (F v ,T*^); 

( 2 ) the cochains w v and w v + £ v + XjC v coincide modulo coboundaries. 


Proof. Let w v denote the restriction of the cocycle w to the decomposition group D v . Then 
by construction, w v satisfies the equation 

{[w v ])ves(= = ([^vDweS 

•^str 

in Q*jy and hence there exists a 1 -cocycle l v of representing a cohomology 

class contained in L* tr (F v ,F* such that w v coincides with w v +l v modulo coboundaries. 
Let l v be an arbitrary 1-cochain in C 1 (F V ,T*^_ 1 ^) which is sent to t v under the natural 
surjection C 1 (F V , T*^_^ )^c\f v 1 t; U) ). Again by construction, w v and w v + i v has the 
same image w v +t v in C 1 (F V ,T*^). We now readily verify the existence of a cochain c v 
satisfying the claim due to the natural exact sequence 


C l /B\F V ,T^_ 1] ) ^4 C 1 /B 1 (F V ,- C l /B l {F v ,T^ (j) ) -A 0. 

Here C 1 /B 1 (F v , T* [k) ) denotes the quotient of C 1 (F V , T*^) with respect to its submodule 
consisting of all coboundaries. □ 


Lemma [R2] enables us to replace w v by w v +£ v + XjC v in the computation of the Poitou- 
Tate pairing (IB.91) . 

Computation of the Poitou- Tate pairing. We are ready to calculate the evaluation of 
the Poitou-Tate pairing (IB.91) . On the one hand, we readily observe that the local cocycle 
xf l dw v is redescribed as 

(B.10) xj 1 dw v = x~ 1 d(w v + i v + xj Cy) = xj 1 d£ v + dc v 
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up to coboundaries by virtue of Lemma IB.21 On the other hand, the cohomology class 
([xj 1 d «)^]) 1 , e 5 is the restriction of the element 82 {{t v )ves)~ = [ x ^ l dw], which is an element 
of IH:v* by construction. This observation implies that each x~ l dw v = xf x di v + dc v 
itself is a coboundary. Let us take for every v in S a 1-cochain A„ in C 1 (F V , T*^) satisfying 
xj 1 dt v = d\ v so that x~ l dw v = d(X v +c v ) holds up to coboundaries. Moreover the equation 

XjZ U xf l dw = z U dw = — d(z U w) 

holds since 2 is a 1-cocycle. Applying the explicit formula (IB.81) for / = x~ 1 dw, f = XjZ, 
g v = A„ + c v and h v = —(z U w) v = —z v Uw v , we calculate the value of the Poitou-Tate 
pairing 8 2 ((t v ) veS )~)pT as follows: 

(B.ll) 

(d 1 (), 82{(tv') vgS ) )pt — ^ ' { \xjZ V J U [Aj; 1 4] ( z v U w v ) 

v&S 

— ^ { \%v\ x j [Ay T c v ] T \zy\ U \w v T T x jCv]} v 
ME S 

— '] { [-L;] U T ^ ^ { [l.;] U \f v XjXyj^y 

v£S v£S 

= ^ ^ { S V 1 ty)v T ^ s v ; [-^ii])w 
ve s vgs 

Here we set i' v = i v — XjA„, which is indeed a cocycle as one readily checks: 

d£[, = di v — XjdX v = dl v — Xj(xJ 1 d£ v ) = 0. 

We also note that the last equality of (IB.Ill) is just the definition of the local Tate duality: 

Completion of the proof. Let us complete the verification of (IB.51) . Due to the previous 
computation (IB. Ill) , it suffices to show that ( s v , [i' v ]) v equals 0 for each place v in S. Since 
s v is an element of L str {F v .A r] (j_i^)[xj\ and L* tl (F v , is defined as the orthogonal 

compliment of L sir (F v ,A v ^j- ij) with respect to the local Tate pairing (, )„, the triviality 
of (s„, \£' v ])v is reduced to the following claim: 

Claim : For each place v in S , the 1-cocycle l\, represents a cohomology class contained in 

-^str(-^> 7^*(j_i)) + x jHc ts (F v ,'T*^j_ 1 j). 

The following lemma is a technical key to the verification of the claim. Let 
<o-) : HUFvXtiJ HctsiFviT*^) 

denote the connecting homomorphism of the cohomological long exact sequence associated 
to (13.341) . 

Lemma B.3. Let v be a finite place in S and let £ v be an arbitrary cocycle of C 1 (F V ,T* 
representing a cohomology class contained in L* tr (F v ,F*^). Further assume that the image 
of the cohomology class [£„] under 8* ^ is trivial when v is a place belonging to Then 
there exists a lift of f v to C 1 (F V ,F*^_ 1 ^) such that is also a cocycle and it represents 
a cohomology class in L* tr (F v .F*■ 
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Proof of Lemma l/j.3l The statement is nontrivial only when v is a place in or a place 
not lying above p such that the inertia group I v acts trivially on T*^ k y, otherwise the local 
condition L* tI (F v , T*^) is trivial and there is nothing to prove. In the former case, the 
local condition L* tr (F v , T*^ k f) coincides with the whole cohomology group H^ S (F V , T*^). 
The assumption 8* (j)([£u]) = 0 then guarantees the existence of a cohomology class [£'] of 
Hcts(F v , whose image in H^ ts (F v ,T* coincides with [£„]. In the latter case, the 

local condition Ll tr (F v ,T* is isomorphic to H^ ts (D v /I v ,T*^). Consider the cohomo- 
logical long exact sequence associated to (|3.34l) : 

H^D./IviT^) ^ hUd v /i v ,t* u) ) -- H^ S (D V /I V ,T * U _ X) ). 


Since the procyclic quotient D v /I v = Z has cohomological dimension one, the second 
cohomology group H^ ts (D v /I v , T*^_ x \) should be trivial and hence the natural map (a) is 
surjective. 

We thus find in both cases a cocycle f' v of C 1 (F v ,T'* ( j_ 1 -^) representing a cohomology 
class contained in L* tl (F v , 7j ? *y_ 1 s) such that its image in C l (F v ,T*^) coincides with 
up to coboundaries. However, the natural surjection T*^_^ -» T*^ induces a surjection 
C*(F V ,T*^_^) -» C'(F v ,T*,jj) on the cochain complexes, and hence we readily take a 
lift of an arbitrary coboundary in C 1 (F V , T* from the submodule of coboundaries in 
This enables us to construct a desired cocycle f v by modifying £' in the 
same cohomology class. □ 


Proof of Provosition \B. 11 We first recall that the cocvcle L , satisfies 6 i,(j)([4]) = 0 for 
every place v in S. Indeed, 8 ^q)([£„]) is calculated as [xj l d£ v ] due to the definition of 
the connecting homomorphism 8*^. Then, the cohomology class [xf 1 d£ v \ is trivial by 
the equation (IB. 1011 and the fact that [xf l dw\ = ^((L^ues) is an element of HI:?-* 
Therefore, by applying Lemma fB. 31 we find a 1-cocycle l v in C 1 (F V ,T'*^_ 1 ^) which is a lift 
of t v and represents a cohomology class contained in L* tT (F v ,T*^■ It is straightforward 
to see that P v is also a lift of £ v by definition, and thus £ v —£' v is contained in XjC^F v , 
due to the exact sequence 


0 -A c^T*^) ^4 c\F v ,i; t{j _ x) ) - C\F v ,T * {j) ) 


0 . 


This calculation verifies the claim above, and hence the proof of Proposition IB. II is com¬ 
pleted. □ 
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